
The Generation of Secondary Ice Particles in Clouds 
by Crystal-Crystal Collision 

BY 
Larry Vardiman 

Department of Atmospheric Science 
Colorado State University 

Fort Collins, Colorado 

This research was supported by the NSF Grant GI-3 1460, and the State of Colorado, 
Weather Modification Research Funds. 
Principal investigator: Lewis 0. Grant 

Fall 1974 

Department or 
Atmospheric Scie ,,ce 

! 1 
I 
I 

I 
I 

I 
Paper No. 230 





THE GENERATION OF SECONDARY ICE PARTICLES I N  CLOUDS 

BY CRYSTAL-CRYSTAL COLLISION 

by 
Larry Vardiman 

This repor t  was prepared with support provided by 
National Science Foundation Grant GI-31460 

and t h e  S t a t e  of Colorado, Weather Modification Research Funds 
Pr inc ipa l  Inves t igator ,  Lewis 0. Grant 

Department of Atmospheric Science 
Colorado S t a t e  Universi ty 
Fort  Col l ins ,  Colorado 

F a l l  1974 

Atmospheric Science Paper No. 230 





ABSTRACT OF DISSERTATION 

THE GENERATION OF SECONDARY I C E  PARTICLES 

I N  CLOUDS BY CRYSTAL-CRYSTAL COLLISION 

Evidence has accumulated over t h e  l a s t  twenty years t h a t  i n  some 

clouds the  concentration of i c e  c r y s t a l s  may be a f a c t o r  of four o r  

f i v e  orders  of magnitude g rea te r  than the  concentrat ion of observed 

i c e  nuc le i  apparently ava i l ab le  t o  the  cloud. A l a r g e  number of 

physical  mechanisms have beeh proposed t o  explain t h i s  d i s p a r i t y  

between the  concentration of i c e  nuc le i  and i c e  c r y s t a l s .  This 

d i s s e r t a t i o n  describes the  inves t iga t ion  of one of these mechanisms -- 
t h e  generation of secondary i c e  p a r t i c l e s  i n  clouds by c rys ta l -c rys ta l  

c o l l i s i o n .  

The number of fragments generated by c r y s t a l  c o l l i s i o n s  i n  a 

cloud is  a product of the  number of fragments produced per c o l l i s i o n  

and the  c o l l i s i o n  frequency. The f i r s t  term, ca l l ed  the  fragment 

generation function was obtained experimentally by photographing a t  

high speed, c o l l i s i o n s  of na tu ra l  i c e  c r y s t a l s  with a f ixed p l a t e .  

The number of fragments i n  a c o l l i s i o n  was found a s  a function of the  

change i n  momentum upon impact with t h e  f ixed p l a t e  and a s  a function of 

c r y s t a l  type and degree of rime. The di f ference  i n  t h e  change i n  

momentum f o r  c o l l i s i o n s  i n  a cloud compared t o  t h e  f ixed p l a t e  i s  

t r ea ted  t h e o r e t i c a l l y  and developed i n t o  a mathematical model. The 

c o l l i s i o n  frequency is  incorporated i n t o  t h e  model and r a t e s  of 

fragment generation studied f o r  d i f f e r e n t  c r y s t a l  combinations, s i z e s ,  

and concentrations. 
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CHAPTER I 

INTRODUCTION 

Background 

I n  1933 Tor Bergeron suggested t h a t  p r e c i p i t a t i o n  i n  t h e  majori ty 

of ex t ra t rop ica l  clouds is  i n i t i a t e d  by the  formation of i c e  c r y s t a l s  

and subsequent growth due t o  the  vapor pressure d i f ference  between i c e  

and water. Since 1933 i t  has been found t h a t  t h e  coalescence process 

may a l s o  be responsible f o r  much p rec ip i t a t ion  even i n  e x t r a t r o p i c a l  

clouds, but t h e  i c e  phase process i s  s t i l l  considered the  dominant 

process. Early i n  the  inves t igat ion of the  "Bergeron-Findeison" 

p rec ip i t a t ion  process it was found t h a t  the  i n i t i a t i o n  of the  i c e  

phase i n  clouds was due t o  the  presence of small ice-forming p a r t i c l e s  

i n  t h e  atmosphere, ca l l ed  i c e  nucle i .  These p a r t i c l e s  were found t o  

be a c t i v e  i n  g rea te r  concentrat ions a t  colder temperatures and varied . - 

somewhat i n  space and time. For many years t h e  concentrat ion of these  

i c e  nucle i  a c t i v e  a t  a given cloud-top temperature was equated t o  the  

concentration of i c e  c r y s t a l s  i n  a cloud. Over t h e  l a s t  twenty years,  

however, evidence has accumulated which shows t h a t  i n  some clouds t h e  

concentration of i c e  c r y s t a l s  may be four o r  f i v e  orders  of magnitude 

g rea te r  than t h e  concentration of i c e  nuc le i  ava i l ab le  t o  the  cloud. 

A l a r g e  number of physical  mechanisms have been proposed t o  

explain t h i s  d i s p a r i t y  between the  concentrat ion of i c e  nuc le i  and 

i c e  c r y s t a l s .  One of t h e  e a r l i e s t  and most persistently-proposed 

mechanisms has been t h e  mechanical f r ac tu r ing  of f r a g i l e  i c e  c r y s t a l s  

i n  a cloud due t o  c o l l i s i o n s  between c r y s t a l s .  This d i s s e r t a t i o n  



desc r ibes  t h e  i n v e s t i g a t i o n  of t h i s  mechanism and i t s  importance i n  

n a t u r a l  and seeded clouds.  

B. The Generation of Secondary I c e  P a r t i c l e s  

Primary i c e  c r y s t a l s  a r e  p a r t i c l e s  of i c e  which have o r ig ina t ed  

on primary i c e  nuc le i .  These i c e  n u c l e i  may be a c t i v a t e d  i n  any of 

f o u r  ways (Mason, 1971).  They may form i c e  c r y s t a l s  by t h e  d i r e c t  

depos i t i on  of water vapor;  they may f i r s t  a c t  a s  condensation n u c l e i ,  

and then cause t h e  absorbed water t o  f r e e z e ;  they may con tac t  super- 

cooled cloud d r o p l e t s  causing them t o  f r eeze ;  o r  they  may be embedded 

i n  cloud d r o p l e t s  a c t i n g  a s  bulk f r eez ing  n u c l e i .  Primary i c e  

c r y s t a l s  are expected t o  be present  i n  clouds i n  concent ra t ions  equal  

t o  t h e  concent ra t ion  of i c e  n u c l e i  a c t i v a t e d  i n  a cold chamber a t  a 

given temperature.  The temperature a t  t h e  cloud top  s t rong ly  a f f e c t s  

t h e  concent ra t ion  of i c e  n u c l e i  which becomes a c t i v e .  A world-wide 

time and space average temperature spectrum of a c t i v a t e d  i c e  n u c l e i  

has  been obtained by F le t che r  (1962). It has an  exponent ia l  form 

where AT is t h e  degree of supercool ing,  n (AT) i s  t h e  concent ra t ion  

of a c t i v a t e d  i c e  n u c l e i  per  l i t e r ,  and n and $ a r e  cons t an t s .  
0 

F l e t che r  found ly and n t o  be about 0 . 6 / O ~  and 1 0 - ~ / l i t e r  r e spec t ive ly .  
0 

An estimate of t h e  concent ra t ion  of a c t i v a t e d  i c e  n u c l e i  i s  one per  

0 
l i ter  a t  a supercool ing of -20 C and a change by a f a c t o r  of t e n  f o r  

each f o u r  degrees of supercool ing,  t he  concent ra t ion  inc reas ing  a t  

g r e a t e r  supercool ing.  

Secondary i c e  c r y s t a l s  are p a r t i c l e s  of i c e  which have been 

produced i n  a cloud by t h e  presence of primary ice c r y s t a l s .  These 



secondary i c e  p a r t i c l e s  may be "regular"  i n  shape, i r r e g u l a r ,  rimed 

o r  unrimed depending on t h e  formation process  and subsequent h i s t o r y .  

Ear ly  observa t ions  of secondary i c e  p a r t i c l e  genera t ion  were 

h ighly  suspec t  due t o  t h e  wide f l u c t u a t i o n s  i n  t h e  concent ra t ion  of 

primary i c e  c r y s t a l s  from cloud t o  cloud and due t o  i r laccuracies  i n  

t h e  measurement of i c e  nucleus and i c e  c r y s t a l  concent ra t ions .  I n  

t h e  last  t e n  yea r s ,  however, as measurement techniques have improved 

and observed d i f f e r e n c e s  i n  t h e  concent ra t ions  of i c e  nuc le i  and 

i c e  c r y s t a l s  have become d ivergent ,  p a r t i c u l a r l y  i n  clouds wi th  small  

supercool ing,  t h e  presence of l a r g e  concent ra t ions  of secondary i c e  

p a r t i c l e s  has  been gene ra l ly  accepted.  The observa t iona l  s t u d i e s  by 

Koenig (1963, 1968),  Mossop (1968,1971), Mossop, et a 1  (1967, 1968, 

1969, 1970, 1972),  Hobbs (1969), Auer, e t  a1 (1969), Grant (1968),  

Gagin (1971), and Vardiman (1972) have provided i n s i g h t  i n t o  t h e  

gene ra l  cloud types  and cond i t i ons  which favor  i c e  m u l t i p l i c a t i o n  

and t h e  magnitude of t h e  e f f e c t .  I n  genera l ,  s t r a t i f o r m  clouds do 

n o t  appear t o  produce l a r g e  numbers of secondary i c e  p a r t i c l e s  s i n c e  

t h e  concent ra t ions  of i c e  c r y s t a l s  agree  c l o s e l y  t o  t h e  concent ra t ions  

of i c e  n u c l e i .  Cumuliform clouds produce secondary i c e  p a r t i c l e s  

under as y e t  incompletely-defined cond i t i ons  and r a t i o s  of i c e  c r y s t a l s  

t o  i c e  n u c l e i  may range from 1 a t  cloud-top temperatures of about 

0 4 5 0 
-30 C t o  1 0  -10 a t  temperatures as warm as -4 C .  Maritime cumuli 

seem t o  produce secondary i c e  p a r t i c l e s  much more e a s i l y  than  

c o n t i n e n t a l  cumuli. 



C .  The Need f o r  a Solution 

The simple assumption t h a t  t h e  i n i t i a t i o n  and formation of 

p r e c i p i t a t i o n  i n  a cold cloud is  re la ted  e n t i r e l y  t o  t h e  concentrat ion 

of primary i c e  nucle i ,  leads  t o  an underestimate of na tu ra l  

p rec ip i t a t ion .  Certain clouds p r e c i p i t a t e  much more in tensely  

than would be expected i f  only t h e  primary i c e  nucle i  were 

avai lable .  I n  some extreme cases a cloud may p r e c i p i t a t e  heavily 

where no p rec ip i t a t ion  would be expected from the  cloud-top temperature 

and thickness.  Forecasting of na tu ra l  p rec ip i t a t ion  and simple under- 

standing of a commonly-observed but l i t t le -unders tood phenomena 

necess i t a t e  t h e  study of secondary i ce -par t i c l e  generation i n  a cloud. 

Most a r t i f i c i a l  cold cloud modification i s  a l s o  based on t h e  

assumption t h a t  t h e  concentrat ion of i c e  c r y s t a l s  i n  a cloud is  

equal t o  the  concentrat ion of measured i c e  nucle i .  I f  t h i s  were t r u e ,  

the  l e s s  the  supercooling i n  a cloud, t h e  more e f f i c i e n t  cloud 

modificat ion should be i n  converting the  cloud water t o  i c e .  However, 

we know t h a t  a r t i f i c i a l  modification of cold clouds to  increase 

p r e c i p i t a t i o n  becomes i n e f f i c i e n t  a t  temperatures warmer than about 

-10'~. There a r e  p r a c t i c a l  cons t ra in t s  such as the  reduction i n  

e f f i c iency  of seeding devices and the  slower growth r a t e s  of i c e  

c r y s t a l s  a t  warmer temperatures which contr ibute  t o  t h i s  ineff ic iency,  

but the  p rec ip i t a t ion  ef f ic iency of these clouds does not appear t o  be 

helped by seeding. I f  t h e  concentrat ion of i c e  c r y s t a l s  i n  a cloud is  

equal t o  t h e  concentration of measured i c e  nucle i ,  many of these 



"warm clouds" should not p r e c i p i t a t e  na tu ra l ly  by t h e  i c e  c r y s t a l  

process and seeding should increase  p r e c i p i t a t i o n  e f f i c iency .  

Grant and E l l i o t t  (1974) estimated the  "temperature window" f o r  

e f f i c i e n t  cloud seeding i n  winter orographic clouds t o  extend from 

-10'~ t o  -24'~. A t  t h e  warm end of t h i s  "temperature window" they 

suggested t h a t  var ious  e f f e c t s  including "mul t ip l ica t ion processes" 

may impair the  seeding ef f ic iency.  They were unable t o  def ine  a 

I I temperature window" f o r  convective clouds or  clouds which contain 

strong dynamic e f f e c t s .  Since i t  is general ly accepted t h a t  i c e  

mul t ip l i ca t ion  is  grea te r  i n  convective clouds than i n  s t r a t i f o r m  

clouds, the  reason a "temperature window" can not  be defined may be 

due t o  mul t ip l i ca t ion  processes. 

Since i c e  mul t ip l i ca t ion  appears t o  be a common theme i n  l imi t ing  

seeding opportunity f o r  many clouds, it would seem t o  be e a s i e r  t o  

a t t a c k  the  problem d i r e c t l y  by defining secondary i c e  p a r t i c l e  

generat ion processes, r a t h e r  than randomly seeding a l l  cloud s i tua -  

t i o n s  and using s t a t i s t i c a l  evidence t o  de f ine  "temperature windows." 

The need f o r  a solut ion t o  secondary i c e  p a r t i c l e  generat ion is  urgent 

i f  a r t i f i c i a l  cloud modificat ion is  t o  be applied e f fec t ive ly .  

3 .  Suggested Mechanisms f o r  Ice Mul t ip l ica t ion 

Not only may the  concentrat ion of i c e  c r y s t a l s  be increased by t h e  

generation of secondary p a r t i c l e s  but  the  concentrat ion of i c e  nuc le i  

may be underestimated i n  an instrument used t o  d e t e c t  them. The 

condit ions i n  an  i c e  nucleus counter do not completely dup l ica te  those 

i n  a cloud. For purposes of t h i s  d i s s e r t a t i o n  i c e  mul t ip l i ca t ion  i s  

defined by t h e  r a t i o  of i c e  c r y s t a l s  t o  i c e  nuc le i  i n  a cloud. 



There a r e  two b a s i c  c l a s s i f i c a t i o n s  of t h e  suggested mechanisms f o r  

expla in ing  i c e  m u l t i p l i c a t i o n .  Following Henmi (1974), t h e  f i r s t  

ca tegory  inc ludes  those  suggested mechanisms which a r e  r e l a t e d  t o  

t he  formation of primary i c e  p a r t i c l e s  and t h e  second category inc ludes  

those  suggested mechanisms which genera te  secondary i c e  p a r t i c l e s .  

1. Mechanisms r e l a t e d  t o  t h e  formation of primary i c e  p a r t i c l e s .  

a .  I c e  formation on slow a c t i n g  i c e  n u c l e i  (Warner and 

Newnham, 1958; Takeda, 1968) 

b. I c e  formation on pre-act ivated n u c l e i  (Roberts and 

H a l l e t t ,  1968) 

c .  Contact nuc lea t ion  by d ry  p a r t i c l e s  (Gokhale and Goold, 

1968) 

d.  Freezing of water  d r o p l e t s  due t o  evaporat ion cool ing  

H a l l e t t ,  1970) 

e .  E lec t ro- f reez ing  o r  mechanical f r eez ing  of supercooled 

water (Abbas and Latham, 1969) 

Mechanisms r e l a t e d  t o  t h e  genera t ion  of secondary i c e  

p a r t i c l e s .  

a .  Shedding of "whiskers" from evaporat ing i c e  p a r t i c l e s  

(Cross,  1969; D e  Miche l l i  and L icenb la t ,  1967; Ruskin, 

1969; Schaef fer  and Cheng, 1974) 

b. Mechanical f r a c t u r i n g  of f r a g i l e  i c e  c r y s t a l s  (Findeisen,  

1943; Langmuir, 1948; Mason, 1955; Grant ,  1968; Hobbs and 

Farber ,  1972; Vardiman, 1972) 

c .  " sp l in t e r ing"  when drops f r e e z e  i n  t h e  riming growth of 

i c e  p a r t i c l e s  (Brewer and Palmer, 1949; Johnson and 



"warm clouds1' should not p r e c i p i t a t e  na tu ra l ly  by t h e  i c e  c r y s t a l  

process and seeding should increase  p r e c i p i t a t i o n  ef f ic iency.  

Grant and E l l i o t t  (1974) estimated the  "temperature window" f o r  

e f f i c i e n t  cloud seeding i n  winter orographic clouds t o  extend from 

-10 '~  t o  -24'~. A t  t h e  warm end of t h i s  "temperature window" they 

suggested t h a t  var ious  e f f e c t s  including "mul t ip l ica t ion processes" 

may impair the  seeding ef f ic iency.  They were unable to  de f ine  a 

I I temperature window" f o r  convective clouds o r  clouds which contain 

strong dynamic e f f e c t s .  Since it  is general ly accepted t h a t  i c e  

mul t ip l i ca t ion  i s  g rea te r  i n  convective clouds than i n  s t r a t i f o r m  

clouds, the  reason a "temperature window" can not  be defined may be 

due t o  mul t ip l i ca t ion  processes. 

Since i c e  mul t ip l i ca t ion  appears t o  be a common theme i n  l imi t ing  

seeding opportunity f o r  many clouds, i t  would seem t o  be e a s i e r  t o  

a t t a c k  the  problem d i r e c t l y  by defining secondary ice p a r t i c l e  

generat ion processes, r a t h e r  than randomly seeding a l l  cloud s i tua -  

t i o n s  and using s t a t i s t i c a l  evidence t o  def ine  "temperature windows." 

The need f o r  a solut ion t o  secondary i c e  p a r t i c l e  generat ion i s  urgent 

i f  a r t i f i c i a l  cloud modificat ion is  t o  be applied e f fec t ive ly .  

D .  Suggested Mechanisms f o r  I c e  Mul t ip l ica t ion 

Not only may the  concentrat ion of i c e  c r y s t a l s  be increased by t h e  

generat ion of secondary p a r t i c l e s  but the  concentrat ion of i c e  nuc le i  

may be underestimated i n  an instrument used t o  d e t e c t  them. The 

condit ions i n  an i c e  nucleus counter do not completely dup l ica te  those 

i n  a cloud. For purposes of t h i s  d i s s e r t a t i o n  i c e  mul t ip l i ca t ion  i s  

defined by t h e  r a t i o  of i c e  c r y s t a l s  t o  i c e  nuc le i  i n  a cloud. 



There are two b a s i c  c l a s s i f i c a t i o n s  of t h e  suggested mechanisms f o r  

expla in ing  i c e  m u l t i p l i c a t i o n .  Following Henmi (1974), t h e  f i r s t  

category inc ludes  those  suggested mechanisms which a r e  r e l a t e d  t o  

t he  formation of primary i c e  p a r t i c l e s  and t h e  second category inc ludes  

those  suggested mechanisms which genera te  secondary i c e  p a r t i c l e s .  

1. Mechanisms r e l a t e d  t o  t h e  formation of primary i c e  p a r t i c l e s .  

a. I c e  formation on slow a c t i n g  i c e  n u c l e i  (Warner and 

Newnham, 1958; Takeda, 1968) 

b.  I c e  formation on pre-act ivated n u c l e i  (Roberts and 

Hallett, 1968) 

c .  Contact nuc lea t ion  by d ry  p a r t i c l e s  (Gokhale and Goold, 

1968) 

d .  Freezing of water d r o p l e t s  due t o  evaporat ion cool ing  

H a l l e t t  , 1970) 

e .  E lec t ro- f reez ing  o r  mechanical f r eez ing  of supercooled 

water (Abbas and Latham, 1969) 

2 .  Mechanisms r e l a t e d  t o  t h e  genera t ion  of secondary i c e  

p a r t i c l e s .  

a .  Shedding of "whiskers" from evaporat ing i c e  p a r t i c l e s  

(Cross, 1969; De Miche l l i  and L icenb la t ,  1967; Ruskin, 

1969; Schaeffer  and Cheng, 1974) 

b. Mechanical f r a c t u r i n g  of f r a g i l e  ice c r y s t a l s  (Findeisen,  

1943; Langmuir, 1948; Mason, 1955; Grant ,  1968; Hobbs and 

Farber ,  1972; Vardiman, 1972) 

c .  "Spl inter ing" when drops f r e e z e  i n  t h e  riming growth of 

i c e  p a r t i c l e s  (Brewer and Palmer, 1949; Johnson and 



H a l l e t t ,  1968; Mossop e t  a l ,  1969; Mossop et a l ,  1962; 

Ono, 1971; Hal le t  and Mossop, 1974. 

d. Shattering of water drops f reezing i n  f r e e  f a l l  (Hobbs 

and Alkezweeny, 1968; Brownscomb and Thorndike, 1968; 

Takahashi and Yamashita, 1970) 

e .  Fros t - l ike  growth on i c e  p a r t i c l e s  i n  l o c a l  supersatur- 

a t i o n  caused by contact  with l a r g e  drops (Koenig, 1965) 

f .  Accumulation of i c e  c r y s t a l s  o r  i c e  nuc le i  a t  t h e  

sampling l e v e l  (Mossop and Ono, 1969) 

g .  Seeding by i c e  p a r t i c l e s  from higher clouds (Braham, 1967) 

h. Dis in tegra t ion of t h e  surface  s t r u c t u r e  of rimed i c e  by 

v e n t i l a t i o n  i n  subsaturated a i r  (Henmi, 1974) 

The suggested mechanisms have been studied t o  a g rea te r  o r  l e s s e r  

degree depending on the  l ikel ihood of the  mechanism being a c t i v e  i n  

the  clouds pecul iar  t o  the  inves t iga to r s1  i n t e r e s t s .  Under c e r t a i n  

condit ions and i n  p a r t i c u l a r  clouds many of the  suggested mechanisms 

can be eliminated. A s  of t h i s  wr i t ing  none of the  t h i r t e e n  mechanisms 

have been shown t o  be "the" i c e  c r y s t a l  mul t ip l i ca t ion  mechanism. 

I n  f a c t ,  I tend t o  doubt i f  a s ing le  process w i l l  ever be found t o  

explain a l l  of t h e  d i f ferences  between t h e  concentrat ions of i c e  

c r y s t a l s  and i c e  nucle i .  I f  one is found t o  be general ly e f f e c t i v e  

i n  a g rea t  number of clouds, i t  appears probable t h a t  "splintering" 

is  the  most l i k e l y  candidate. 

Given the  condit ions i n  Colorado where l a r g e  concentrat ions of 

i r r egu la r  c r y s t a l s  and c r y s t a l  fragments have been found i n  t h e  

p r e c i p i t a t i o n  from convective c e l l s  embedded i n  orographic clouds 

(Vardiman, 1972), the  most l i k e l y  mechanism would appear t o  be 



"mechanical f r ac tu r ing  of f r a g i l e  i c e  crys ta ls ."  Orographic clouds 

which contain embedded convection d i f f e r  from smooth orographic clouds 

mainly i n  the  degree of s t a b i l i t y .  Unless t h e  cloud l ayer  is  highly 

unstable,  the  convection w i l l  c o n s t i t u t e  only a small por t ion  of the  

orographic cloud i n  which i t  is  embedded. The orographic cloud, with 

o r  without convection, i s  genera l ly  smooth on top, except i n  t h e  v ic in-  

i t y  of convective c e l l s  which near ly  always protrude less than 1,000 

f e e t .  Upwind and downwind edges a r e  normally well  defined. Therefore, 

a l l  of the  mechanisms r e l a t i n g  t o  the  formation of primary i c e  

p a r t i c l e s  can be eliminated due t o  the  r e l a t i v e l y  good agreement 

between c r y s t a l  concentrat ions i n  a smooth orographic cloud and 

expected i c e  nucleus concentrations. Droplets l a r g e  enough t o  produce 

sha t t e r ing  and sp l in te r ing  e f f e c t s  a r e  seldom present  i n  these  clouds. 

Only occasionally a r e  higher-level clouds present which could seed 

the  lower cloud deck and the  accumulation of i c e  c r y s t a l s  o r  i c e  nuc le i  

i s  unl ikely .  F ina l ly ,  t h e  frequently-observed presence of l a r g e  

c r y s t a l  fragments can only be explained by mechanical f rac tur ing.  

Therefore, of the  mechanisms which a r e  r e l a t e d  t o  the  generat ion of 

secondary i c e  p a r t i c l e s ,  mechanical f r ac tu r ing  of f r a g i l e  i c e  c r y s t a l s  

c o n s t i t u t e s  a prime prospect t o  explain t h e  i c e  mul t ip l i ca t ion  associ-  

ated with convective c e l l s  embedded i n  such cont inenta l  orographic 

clouds. Findings i n  such a study may have appl ica t ion i n  many other  

cloud types. 

E. Previous Studies on Mechanical Fracturing of F rag i l e  Crys ta ls  i n  

Clouds. 

To i n i t i a t e  a study on mechanical f r ac tu r ing  by c rys ta l -c rys ta l  

c o l l i s i o n  i n  a cloud one must determine two main c h a r a c t e r i s t i c s  0 f . a  



given cloud of i c e  c r y s t a l s  - t h e  c o l l i s i o n  frequency between c r y s t a l s  

and the  production r a t e  of fragments per c o l l i s i o n .  Once these two 

c h a r a c t e r i s t i c s  are determined the  r a t e  of increase i n  i c e  c r y s t a l  

concentrat ion with time can be estimated f o r  d i f f e r e n t  cloud condit ions 

and a determination of the  importance of t h i s  process made. 

The c o l l i s i o n  frequency of raindrops has been t r ea ted  i n  d e t a i l  

because of t h e  importance of s i z e  d i s t r i b u t i o n  i n  the  production of 

r a i n  from warm clouds (See Twomey, 1966 and Berry, 1967), but  the  

c o l l i s i o n  frequency of i c e  c r y s t a l s  has received l i t t l e  a t t e n t i o n .  

What work has been done was re la ted  not t o  the  breakup of i c e  c r y s t a l s ,  

but  r a t h e r  t o  t h e i r  aggregation. One such study, from which t h e  bas ic  

mathematical model f o r  c o l l i s i o n  frequency was obtained i n  t h i s  work, 

was t h a t  of Austin and Kraus (1968). One of the  bas ic  conclusions of 

t h e i r  research,  which applied t o  aggregation, was t h a t  a threshold 

i n  condit ions must be reached before the  process becomes s i g n i f i c a n t .  

For Austin and Kraus t h e  threshold was a function of temperature 

and s i z e  of c r y s t a l s .  The threshold i n  t h i s  study was found t o  be 

c r y s t a l  concentration and the  degree of rime. 

The production rate of fragments per c o l l i s i o n  has never been 

studied i n  more than a cursory manner. Findeisen (1943), Langmuir 

(1948), and Mason (1955), although discussing the  need f o r  fragments 

t o  be produced by c o l l i s i o n s  among f r a g i l e  c r y s t a l s ,  never went beyond 

est imates of the  average number of fragments which would have t o  be 

produced. They obtained these est imates by dividing t h e  concentrat ion 

of p a r t i c l e s  a t  the  ground by an assumed i n i t i a l  concentration of 

p a r t i a l e s  a t  t h e  top of t h e  cloud. Langmuir ,(1948) discussed t h e  



p o s s i b i l i t y  of changes i n  t h e  fragmentation r a t e  i n  h i s  famous "Chain 

Reaction" paper but never t r ea ted  i t  i n  a quan t i t a t ive  manner. Grant 

(1968) using da ta  from Climax, Colorado discussed the  presence of 

c r y s t a l  fragments i n  t h e  p r e c i p i t a t i o n  from general  orographic clouds 

and concluded t h a t  on t h e  average fragmentation only caused a maximum 

tenfold increase i n  t h e  concentration. Vardiman (1972) conducted a 

study a t  the same locat ion but emphasized only c r y s t a l  concentrat ions 

from embedded convective c e l l s .  I n  t h i s  study i t  was found t h a t  

r a t i o s  of i c e  c r y s t a l s  t o  i c e  nuc le i  from these embedded c e l l s  could 

4 
reach 10 a t  cloud-top temperatures a s  warm a s  -15'~. 

The f i r s t  reported attempt a t  assessing t h e  s t r eng th  of ice 

c r y s t a l s  and t h e i r  s u s c e p t i b i l i t y  t o  f r a c t u r e  was t h a t  of Hobbs and 

Farber (1972). Theirs  was e s s e n t i a l l y  a t h e o r e t i c a l  study using 

measured t e n s i l e  s t r eng ths  and e l a s t i c  moduli f o r  pure i c e .  They 

obtained c r i t i c a l  k i n e t i c  energies f o r  given moment arms t o  determine 

i f  c r y s t a l s  f a l l i n g  a t  r e l a t i v e  v e l o c i t i e s ,  such a s  observed i n  a 

cloud, should produce fragments. For l a r g e  r e l a t i v e  v e l o c i t i e s ,  

moment arms, and masses they found t h a t  some fragmentation would be 

expected. A warning was provided a t  the  end of t h e i r  paper regarding 

the  c o l l i s i o n  frequency but only a rough evaluation of t h i s  point  was 

made, indica t ing t h a t  even though fragmentation does occur it  is  

probably so infrequent  a s  t o  n u l l i f y  t h e  e f f e c t .  

F. Purpose of t h i s  Study 

I f  mechanical f r ac tu r ing  by c rys ta l -c rys ta l  c o l l i s i o n  i n  a cloud 

is  t o  be formulated i n  d e t a i l ,  two problems should be resolved: 

(1) An experimentally-determined fragment-generation function (number 

of fragments produced per c o l l i s i o n )  must be obtained and (2) t h i s  



function must be in tegra ted  with t h e  c o l l i s i o n  frequency. A 

theore t ica l ly-der ived fragment generat ion function,  such a s  t h a t  of 

Hobbs and Farber (1972), is  not r e a l l y  s u i t a b l e  because of t h e  many 

v a r i a t i o n s  i n  c r y s t a l  type, o r i en ta t ion  of f a l l ,  and degree of rime. 

One needs a measure of t h e  number of fragments which would be 

generated i n  a c o l l i s i o n  which i s  more c lose ly  t i e d  t o  r e a l  c o l l i s i o n s  

ra the r  than t o  t h e o r e t i c a l  deductions based on e l a s t i c  c r y s t a l  

s t rengths .  

The purpose of t h i s  study, then, is  t o  determine experimentally 

a fragment generation function f o r  a number of d i f f e r e n t  c r y s t a l  types 

and i n t e g r a t e  these fragment generation functions with the  respect ive  

t h e o r e t i c a l  c o l l i s i o n  frequencies. The magnitude of i c e  p a r t i c l e  

generat ion by c rys ta l -c rys ta l  c o l l i s i o n  is  t o  be estimated f o r  various 

cloud condit ions and t h e  e f f e c t s  on na tu ra l  and seeded clouds 

predicted.  



CHAPTER I1 

THEORY 

A .  Mathematical Formulation of Secondary P a r t i c l e  Generation f o r  

Clouds. 

1. Random and Ordered Col l i s ions .  

I n  a cloud of p a r t i c l e s  varying i n  s i z e ,  two bas ic  types of 

c o l l i s i o n  processes a r e  poss ib le  - random c o l l i s i o n s  and ordered 

c o l l i s i o n s .  Random c o l l i s i o n s  a r e  associated with turbulent  motions 

i n  the  a i r  caused by v e r t i c a l  and hor izonta l  wind shear.  Ordered 

c o l l i s i o n s  a r e  caused by t h e  d i f ference  i n  terminal ve loc i ty  between 

p a r t i c l e s .  The component t o  t h e  t o t a l  c o l l i s i o n  frequency i n  a cloud 

due t o  ordered c o l l i s i o n s  can be v isual ized a s  the  t o t a l  c o l l i s i o n  

frequency between p a r t i c l e s  i n  a quiescent environment where the  

p a r t i c l e s  f a l l  without f l u t t e r i n g  o r  being def lec ted  i n  the  wake of 

other p a r t i c l e s .  I f  wake e f f e c t s  a r e  t o  be considered, a f ac to r  ca l l ed  

the  c o l l i s i o n  e f f i c iency  must be mul t ip l ied  times the  computed 

c o l l i s i o n  frequency. 

Although it is  poss ib le  t h a t  random c o l l i s i o n s  may outnumber 

ordered c o l l i s i o n s  i n  highly-turbulent clouds and the  c o l l i s i o n s  could 

be more "forceful", only ordered c o l l i s i o n s  w i l l  be t r ea ted  i n  t h i s  

study due t o  the  i n a b i l i t y  t o  formulate random c o l l i s i o n s  i n  an 

ana ly t i c  manner. This assumption should not be too r e s t r i c t i v e  a s  t h e  

number of random c o l l i s i o n s  should be of the  same order a s  the  number 

of ordered c o l l i s i o n s  i n  non-severe cloud s i t u a t i o n s .  For smooth 

orographic clouds, the  number of ordered c o l l i s i o n s  should outnumber 

the  random c o l l i s i o n s .  



The ordered c o l l i s i o n  frequency between c r y s t a l s  has been shown 

by Austin and Kraus (1968) t o  be: 

' i jk l  
= E C C A  

i j  k l  i j k l  lvij - 'kll 

where F . .  i s  the  c o l l i s i o n  frequency per u n i t  volume between 
l ~ k l  

c r y s t a l  type i - s i z e  j and c r y s t a l  type k  - s i z e  1, E i s  the  c o l l i -  

s ion  ef f ic iency,  
'ij is the  concentration of c r y s t a l  type i - s i z e  j ,  

Ckl is the  concentration of c r y s t a l  type k - s i z e  1, A . .  is  the  
lJ k l  

c o l l i s i o n  cross  sec t ion between c r y s t a l  type i - s i z e  j and c r y s t a l  

type k - s i z e  1, and lvij - vkl I is  the  r e l a t i v e  f a l l  ve loc i ty  between 

c r y s t a l  type i - s i z e  j and c r y s t a l  type k  - s i z e  1. Because the  

majori ty of c r y s t a l s  s tudied i n  t h i s  research a r e  l a r g e  enough t o  be 

outs ide  the  range of in te rac t ion  e f f e c t s  and those t h a t  a r e  i n  the  

range of wake e f f e c t s  have such s m a l l  r e l a t i v e  f a l l  v e l o c i t i e s ,  

which contr ibute  l i t t l e  o r  nothing t o  secondary p a r t i c l e  generat ion,  

E w i l l  be assumed equal t o  1. 

The c o l l i s i o n  cross  sec t ion  A 
i j k l  can be approximated by a  d i s c  

with diameter equal t o  t h e  sum of the  maximum dimensions of the  two 

co l l id ing  p a r t i c l e s .  For the  c r y s t a l  types studied i n  t h i s  paper the  

i n i t i a l  c r y s t a l  shapes a r e  c lose  t o  c i r c u l a r  d i s c s  when viewed v e r t i -  

c a l l y  and the  approximation i s  q u i t e  adequate. For o ther  c r y s t a l  

shapes such as columns o r  needles, however, a  d i f f e r e n t  c o l l i s i o n  

cross  sec t ion is  required. The equation f o r  Aijkl i s :  

where r and r a r e  the  maximum r a d i i  of the two p a r t i c l e s .  
i j k l  



2 .  Fragment Generation Functions 

I n  general ,  t h e  number of fragments generated i n  a c o l l i s i o n  i s  a 

function of t h e  type and s i z e  of both c r y s t a l s  involved i n  t h e . c o l l i s i o n .  

However, the  t a sk  of obtaining t h e  necessary information t o  predic t  the  

number of fragments generated f o r  a l l  of the  various combinations of 

types and s i z e s  of c r y s t a l s  i n  a cloud is  prohibi t ive .  It is  f a r  

simpler and should not  be too bad an assumption t o  f ind  a predic tor  f o r  

the  number of fragments generated a s  a function of some s ing le  parameter 

of the c o l l i s i o n .  The most appropriate parameter would seem to  be the  

maximum force  exerted during a c o l l i s i o n .  The number of fragments 

generated i n  a given c o l l i s i o n  should be proport ional  t o  t h e  maximum 

force  exerted.  However, the  maximum force  exerted i n  a c o l l i s i o n  is a 

function of many parameters of a c o l l i s i o n ,  such a s  t h e  coef f i c ien t  of 

r e s t i t u t i o n ,  t h e  masses of the  two p a r t i c l e s ,  t h e  r e l a t i v e  v e l o c i t i e s ,  

the  contact  time of the c o l l i s i o n ,  and the  c o l l i s i o n  fo rce  a s  a function 

of time. Most of these parameters could be taken i n t o  account except 

f o r  the  contrac t  time and the  c o l l i s i o n  force.  Unfortunately, these  

parameters a r e  unknown and probably vary g rea t ly .  Even i f  the  contact  

time is  assumed constant f o r  a l l  c o l l i s i o n s  and t h e  c o l l i s i o n  force  is  

assumed t o  be normally d i s t r ibu ted  with time, t h e  e r ro r  i n  t h e  estimated 

maximum force  would s t i l l  be extreme. Two other  l o g i c a l  parameters 

come t o  mind - t h e  k i n e t i c  energy of impact and the  change i n  momentum. 

Neither of these parameters i s  a s  bas ic  a s  t h e  maximum force  but  they 

have the  advantage t h a t  most of the  va r iab les  upon which they depend 

can be reasonably t r ea ted .  Hobbs and Farber (1972) used k i n e t i c  energy 

a s  a parameter s ince  the  e l a s t i c  proper t ies  of a t h e o r e t i c a l  study 

na tu ra l ly  lend themselves t o  t h i s  treatment. However, f o r  t h i s  study 



t h e  change i n  momentum due t o  t h e  c o l l i s i o n  between p a r t i c l e s  was 

used because i t  was found t o  be conservative while k i n e t i c  energy 

is  non-conservative. This is  t r u e  s ince  momentum is conserved 

even i n  a non-elastic c o l l i s i o n  while energy i s  not .  Crys ta l  

c o l l i s i o n s  a r e  necessar i ly  i n e l a s t i c  i f  f r ac tu r ing  i s  t o  occur s ince  

the  f rac tu r ing  process requires  t h e  absorption of energy. 

The change i n  momentum is s imi lar  t o  t h e  maximum 

force  because i t  is t h e  i n t e g r a l  of fo rce  over time. It can not 

d i s t ingu i sh  a shor t ,  hard c o l l i s i o n  from a long, s o f t  c o l l i s i o n .  

However, i f  the  contact  time is  s imi lar  f o r  a l l  c o l l i s i o n s ,  i t  

w i l l  approximate the  maximum force  q u i t e  w e l l .  

The change i n  momentum of a p a r t i c l e  when h i t  by another 

p a r t i c l e  can be obtained by solving two equations with two unknowns. 

The two equations a r e  the  equation f o r  the  conservation of momentum 

f o r  the  system and the  equation f o r  the  coef f i c ien t  of r e s t i t u t i o n .  

From Sears and Zemansky (1957) these  equations a re :  

f 0 f 
mi j ('i j - v . .  ) = - y ( v k l  - vklO) 

1J 



0 0 where m and m are the  masses of t h e  two p a r t i c l e s ,  v  and vkl 
i j kl i j 

a r e  t h e  i n i t i a l  v e l o c i t i e s ,  v  and v  a r e  the  f i n a l  v e l o c i t i e s ,  
i j kl 

and e is  t h e  c o e f f i c i e n t  of r e s t i t u t i o n .  The two unknowns a r e  v  f  
i j  

and v  given t h a t  t h e  c o e f f i c i e n t  of r e s t i t u t i o n ,  e, i s  known. 
k l  

Since only two p a r t i c l e s  a r e  involved, t h e  change i n  momentum of one 

p a r t i c l e  must equal  t h e  change i n  momentum of the  o the r .  Therefore,  

where AMij kl i s  t h e  change i n  momentum of a  p a r t i c l e  of type i - s i z e  

j when h i t  by a  p a r t i c l e  of type k  - s i z e  1. Solving Equations (4)  

f 
and (5) simultaneously for v gives:  

i j 

Subs t i tu t ing  v .  . i n t o  Equation (6) and simplifying gives:  
1 J  

This change i n  momentum AM i j k l  
is t h e  maximum poss ib le  change 

because Equation (8) assumes t h a t  t h e  p a r t i c l e s  c o l l i d e  center-to- 

cen te r .  However, i n  a  r e a l  cloud t h e  p a r t i c l e s  have an equal probabil- 

i t y  of c o l l i d i n g  i n  a l l  conf igura t ions  between center-to-center and a  

grazing blow. The most l i k e l y  change i n  momentum i s  then the  expected 

va lue  of AMij kl obtained by in t eg ra t ing  over a l l  poss ib le  



configurat ions.  I n  Appendix A the  der ivat ion f o r  t h e  most l i k e l y  

mi j k l  i s  given. The end r e s u l t  is  t h a t  AM 
i j k l  

i n  Equation (8) must 

be mul t ip l ied  by 1 ~ 1 4 .  Therefore, t h e  s t a t i s t i c a l  change i n  momentum 

of a p a r t i c l e  h i t  by another becomes: 

0 0 
where v and v have been replaced by t h e  observed terminal 

f j k l  

v e l o c i t i e s .  

I f  the  number of fragments generated can be determined a s  a 

function of the  change i n  momentum, then the  t o t a l  fragment generation 

r a t e  can be found. This "fragment generation function" has been found 

f o r  each of f i v e  d i f f e r e n t  c r y s t a l  types and w i l l  be described i n  

Chapter 111. Suff ice  it t o  say t h e  "fragment generat ion functions" 

take  the  form a s  follows: 

2 
N i j k l  

= a +  6 log AMijkl + y( lOg mijkl) 

where Nijkl is  the  number of fragments per c o l l i s i o n  f o r  c r y s t a l  type 

i - s i z e  j h i t  by c r y s t a l  type k - s i z e  1 and a r e  constants  determined 

f o r  each of t h e  f i v e  c r y s t a l  types studied.  

It should again be re-emphasized t h a t  Nijkl is an approximation 

due t o  t h e  prohibi t ive  t a sk  of obtaining a t r u e  N 
i j k l '  

3 .  Total  Fragment Generation 

The fragment generation r a t e  f o r  c o l l i s i o n s  between c r y s t a l  type 

i - s i z e  j and c r y s t a l  type k - s i z e  1 is: 



where C i s  t h e  concent ra t ion  of a l l  c r y s t a l s  i n  a cloud,  t i s  time, 

(dC/dt) ijkl is  t h e  con t r ibu t ion  t o  t h e  t o t a l  fragment genera t ion  r a t e  

due t o  c o l l i s i o n s  between c r y s t a l  type i - s i z e  j and c r y s t a l  type k - 

s i z e  1, Fijkl i s  t h e  c o l l i s i o n  frequency, and Nijkl is t h e  fragment 

genera t ion  func t ion .  

The t o t a l  fragment genera t ion  r a t e  f o r  c r y s t a l  type i - s i z e  j 

c o l l i d i n g  wi th  a l l  o t h e r  c r y s t a l s  i n  a cloud is:  

The t o t a l  fragment genera t ion  r a t e  f o r  a l l  c r y s t a l  types  and s i z e s  i n  

a cloud is:  

From Equation (2 ) ,  l e t t i n g  E = 1, dC/dt becomes: 

- dc = C C C C C  C * 
d t  i j k l  i j  k l  i j k l  lvij - v k l  I N i j k l  

. 

Now, i f  we d e f i n e  a  d i s t r i b u t i o n  func t ion  f o r  c r y s t a l  type and s i z e :  

Then, 

where C i s  a func t ion  of t ime. Since C i s  no t  a n  e x p l i c i t  f unc t ion  of 

c r y s t a l  type  o r  s i z e ,  i t  may be  removed from t h e  summations. 

dC C 2  C C E C p  p A - = 
i j k 1 i j  k l  i j k l  lvij - ~ k l l  N i j k l  d t  



The terms i n  the  summations a r e  functions completely of c r y s t a l  

type and s i z e  d i s t r i b u t i o n s .  These may change i n  time but a r e  

independent of the  concentrat ion C .  

Analytic Solutions 

Define : 

K(f) = 1 1 PijPklAijkl lvij -vkll  Nijkl 
i j k l  

(18) 

Subst i tu t ing i n t o  Equation (17) : 

I n  general  K(t) changes with time because the  d i s t r i b u t i o n s  change a s  

fragments a r e  produced. The production of fragments w i l l  cause the  

d i s t r i b u t i o n s  t o  have fewer c r y s t a l s  a t  l a r g e  s i z e s  and more c r y s t a l s  

a t  small s i zes .  The e f f e c t  of t h i s  should be t o  cause K(t) t o  

decrease with time. 

A s  a f i r s t  approximation K(t) can be assumed t o  be constant .  

In tegra t ing Equation (19) with the  assumption i n  Equation (20) 

gives the  following solut ion:  

where Co is  the  i n i t i a l  t o t a l  concentrat ion of c r y s t a l s .  This 

solut ion i s  plot ted  i n  Figure 1. It has t h e  following c h a r a c t e r i s t i c s :  

1. I f  KO i s  0 the  concentrat ion does not change with time and 

the re  i s  no secondary p a r t i c l e  generation. 



Time (seconds) 

Figure 1. The v a r i a t i o n  of C a s  a funct ion  of time f o r  var ious  va lues  
of Co and KO. 



2. If K i s  negative the  concentrat ion decreases with time. 
0 

However, from Equation (18) we can see  t h a t  KO can never be 

l e s s  than 0. 

3 .  I f  K i s  pos i t ive  the  concentrat ion increases  with time. I n  
0 

f a c t ,  i t  increases a t  a r a t e  g rea te r  than an exponential 

increase because it approaches i n f i n i t y  a t  some f i n i t e  time. 

4 .  The g rea te r  KO and C the  f a s t e r  the  concentrat ion increases.  
0 

From the  foregoing c h a r a c t e r i s t i c s ,  i t  is  apparent t h a t  C and 
0 

KO should be maximized t o  obta in  the  g r e a t e s t  e f f e c t  of secondary 

p a r t i c l e  generation. 

Equation (21) can a l s o  be solved t o  s t r e s s  the  time required t o  

reach a des i red  i c e  mul t ip l i ca t ion  r a t i o .  I f  the  i c e  mul t ip l i ca t ion  

r a t i o  is  defined as: 

C M = -  
Co 

Then, solving (21) f o r  t gives: 

This r e l a t i o n  i s  p lo t t ed  i n  Figure '2 .  This so lu t ion  shows t h e  rapid 

r a t e  of increase i n  concentrat ion during t h e  l a s t  por t ion  of time. It 

takes 15 minutes t o  obta in  the  f i r s t  tenfold increase  i n  concentrat ion 

a t  an i n i t i a l  concentration of . l / l i t e r  and a KO of .01, but  i t  only 

takes an add i t iona l  1.5 minutes t o  obta in  t h e  next tenfold increase.  

The solut ion a l s o  shows t h e  inverse r e l a t i o n  of time t o  i n i t i a l  

concentration and K . I f  e i t h e r  C o r  K i s  increased by a f a c t o r  
0 0 0 



Figure 2. The time required t o  reach a  given m u l t i p l i c a t i o n  r a t i o  f o r  
var ious  va lues  of Co and KO. 



of ten ,  the  period of time required t o  reach a given mul t ip l i ca t ion  

r a t i o  i s  decreased by a f a c t o r  of ten.  This shows t h e  strong depen- 

dence of t h e  fragment generat ion rate on t h e  c r y s t a l  concentration. 

Now l e t :  

K(t) = KO + A t  

Solving (19) again but  with t h e  assumption i n  (24): 

This so lu t ion  is s imi la r  t o  the  previous so lu t ion  but  allows 

f o r  a l i n e a r  increase o r  decrease i n  K( t ) .  I f  A i s  0 t h i s  so lut ion 

s impl i f i e s  t o  Equation (21). I f  A is  pos i t ive  t h e  r a t e  of change i n  

concentrat ion becomes even g rea te r  than before and increases with 

time. I f  X i s  negative the  r a t e  of change i n  concentrat ion becomes 

l e s s  with time, and may become zero. This so lu t ion  again allows f o r  

the  concentrat ion t o  decrease with time i f  A and t a r e  l a r g e  enough. 

Equation (18) p roh ib i t s  t h i s .  This so lu t ion  maximizes the  e f f e c t  of 

secondary p a r t i c l e  generat ion i f  KO and X a r e  maximized. 

The a c t u a l  so lu t ion  t o  Equation (18) can only be found i f  K(t) 

is  known a s  a function of time. However, K(t) w i l l  vary depending on 

t h e  i n i t i a l  c r y s t a l  type and s i z e  d i s t r i b u t i o n s  and on t h e  s i z e  d i s t r i -  

butions of the  fragments which a r e  produced i n  t h e  cloud. Therefore, 

t h i s  so lu t ion  can only be approximated by numerical methods, A 

general  est imate of t h e  magnitude of secondary p a r t i c l e  production can 

be obtained by ca lcula t ing KO f o r  var ious  c r y s t a l  combinations and s i z e  

d i s t r i b u t i o n s .  This has been done and w i l l  be discussed i n  Chapter I V .  



C. C r y s t a l  C o l l i s i o n s  wi th  a Fixed P l a t e  

1. S i m i l a r i t y  t o  C o l l i s i o n s  i n  Clouds 

Various methods of observing o r  s imula t ing  c r y s t a l  c o l l i s i o n s  i n  

a cloud were attempted inc luding  sterophotography of c o l l i s i o n s  between 

f a l l i n g  i c e  c r y s t a l s  and the  a r t i f i c i a l  c o l l i s i o n  of i c e  c r y s t a l s  i n  

an  e l e c t r i c  f i e l d .  The observa t ion  of c o l l i s i o n s  between c r y s t a l s  

f a l l i n g  i n  t h e  atmosphere was found t o  be extremely d i f f i c u l t  due 

t o  t h e  in f ine t e s ima l  p r o b a b i l i t y  of photographing a c o l l i s i o n  i n  a 

reasonable amount of t ime and c o l l i s i o n  of c r y s t a l s  i n  a n  e l e c t r i c  

f i e l d  was found t o  be imprac t i ca l .  F i e l d  measurements of c r y s t a l  

concent ra t ions  i n  space and time were attempted wi th  an a i rbo rne  i c e  

c r y s t a l  counter  t o  i d e n t i f y  fragment genera t ion  zones i n  and around 

convect ive clouds,  but  ins t rumenta l  d i f f i c u l t i e s  and problems i n  

i n t e r p r e t a t i o n  l e d  t o  t h e  abandonment of t h i s  l i n e  of i n v e s t i g a t i o n .  

One f r equen t ly  suggested method i s  t o  c a t c h  o r  grow an  i c e  

c r y s t a l ,  mount i t  i n  some manner, and bombard i t  wi th  an  o b j e c t  of 

known mass and v e l o c i t y .  Two main ob jec t ions  may be given t o  t h i s  

method: (1) i n  ca tch ing  and mounting t h e  c r y s t a l ,  i t s  p r o p e r t i e s  may 

be  changed because t h e  most f r a g i l e  elements on t h e  c r y s t a l  may be 

broken o f f  o r  sublimated i n  t h e  subsa tura ted  environment of t h e  

handl ing equipment and (2)  mounting t h e  c r y s t a l  i s  d i f f i c u l t ,  a t  b e s t ,  

and d e t r a c t s  from t h e  r e a l i t y  of c o l l i s i o n  s i m i l a r i t y  because t h e  mount 

w i l l  absorb a p o r t i o n  of t h e  c o l l i s i o n  energy and e f f e c t  t h e  c o l l i s i o n  

i n  unknown ways. 

It was f i n a l l y  decided t h a t  a more s u i t a b l e  experiment was t o  

photograph wi th  a high speed camera t h e  c o l l i s i o n s  of n a t u r a l  i c e  

c r y s t a l s  f a l l i n g  a t  te rmina l  v e l o c i t y  on a f ixed  p l a t e .  The 



objec t ions  c i t e d  above a r e  not  present  and a  l a r g e  s t a t i s t i c a l  sample 

of c o l l i s i o n s  may be obtained.  The immediate r e a c t i o n  i s  t h a t  a  

c o l l i s i o n  of an  i c e  c r y s t a l  wi th  a  f ixed  p l a t e  i n  no way simulates  a  

c r y s t a l - c r y s t a l  c o l l i s i o n  i n  a  cloud because of t h e  f ixed  su r face  and 

t h e  extreme impact. A mathematical t reatment  of the  change i n  momentum, 

however, shows such a  t reatment  t o  be poss ib le .  When t h e  fragmentation 

is  s tudied  a s  a  funct ion  of t h e  change i n  momentum t h e  only remaining 

d i f f e rences  a r e  c o l l i s i o n  o r i e n t a t i o n ,  shape e f f e c t s  and t h e  c o e f f i c i e n t  

of r e s t i t u t i o n .  Shape e f f e c t s  and c o l l i s i o n  o r i e n t a t i o n  may be 

d i f f e r e n t  when a f a l l i n g  c r y s t a l  h i t s  a  f l a t  p l a t e  of i n f i n i t e  ex ten t  

because t h e  c r y s t a l  w i l l  tend t o  t ake  a  "double bounce" when i t  h i t s .  

This  i s  espec ia l ly  t r u e  of p l a t e - l ike  c r y s t a l s  because t h e  leading  edge 

may h i t  f i r s t ,  r o t a t i n g  t h e  c r y s t a l  so t h a t  t h e  back edge h i t s  before 

complete rebound. This  i s  not  t r u e  of more sphe r i ca l  p a r t i c l e s  such a s  

graupel .  The shape of t h e  f l a t  su r face  i s  c l e a r l y  d i f f e r e n t  t h a t  t h a t  

of another c r y s t a l  and f o r  s p a t i a l  c r y s t a l s  t h i s  i s  probably important.  

These c r y s t a l s  have burr - l ike  pro t rus ions  which could intermesh wi th  

another c r y s t a l ,  but  cannot do so  on a  f l a t  sur face .  This  e f f e c t  would 

cause s p a t i a l  c r y s t a l s  t o  produce more fragments on a  f l a t  su r face  than 

a  s i m i l a r  c o l l i s i o n  wi th  another  c r y s t a l .  The c o e f f i c i e n t  of r e s t i t u -  

t i o n  w i l l  a l s o  be d i f f e r e n t  but  w i l l  be t r ea ted  i n  t h e  following 

s e c t  ions.  

These l i m i t a t i o n s  and approximations a r e  estimated t o  be of 

second-order importance when compared t o  t h e  degree of fragmentation 

i n  a c t u a l  c o l l i s i o n s .  A s e n s i t i v i t y  a n a l y s i s  on t h e  numerical model 

i n  Chapter I V  w i l l  show t h e  e f f e c t  of overest imate o r  underestimate 

i n  t h e  fragment generat ion funct ion.  



2. Mathematical Formulation of t h e  Change i n  Momentum wi th  a  

Fixed P l a t e .  

The equat ions f o r  t h e  change i n  momentum between two c o l l i d i n g  

p a r t i c l e s  were t r e a t e d  e a r l i e r  i n  Sec t ion  A.2 of t h i s  chap te r .  I n  

t h i s  s e c t i o n  we now want t o  t r e a t  t h e  i n e l a s t i c  c o l l i s i o n  of a  

p a r t i c l e  w i th  a f ixed  p l a t e .  Equation (6) i s  a  gene ra l  equat ion f o r  

any i n e l a s t i c  c o l l i s i o n .  It may be r e w r i t t e n  a s  follows: 

f  0 0 
where v  and v  a r e  f i n a l  v e l o c i t i e s ,  v  and v  a r e  i n i t i a l  

i j k l  i j k l  

v e l o c i t i e s ,  and e is  t h e  c o e f f i c i e n t  of r e s t i t u t i o n .  

For t h e  case  where one of t h e  o b j e c t s  is of ve ry  l a r g e  mass, 

say  o b j e c t  k l ,  t h e  v e l o c i t y  a f t e r  t h e  c o l l i s i o n  i s  equal  t o  t h e  

v e l o c i t y  before  t he  c o l l i s i o n .  I f  t h e  v e l o c i t y  before  t h e  c o l l i s i o n  

i s  a l s o  zero,  as i n  t h e  case  of t h e  f ixed  p l a t e ,  t h e  fol lowing 

r e l a t i o n  holds .  

Therefore,  Equation (26) becomes: 

Assuming ob jec t  i j  has a n  i n i t i a l  v e l o c i t y  g r e a t e r  than zero ,  e  can 

t a k e  t h e  va lues  from 0 t o  1. I f  o b j e c t  i j  s t i c k s  t o  o b j e c t  k l  i t  has 

a  f i n a l  v e l o c i t y  of zero and e  = 0. This  i s  t h e  case  of a  p e r f e c t l y  

i n e l a s t i c  c o l l i s i o n .  I f  o b j e c t  i j  rebounds from o b j e c t  k l  w i th  a 



f i n a l  ve loc i ty  equal and opposite  t o  i t s  i n i t i a l  ve loc i ty ,  v f - - 
i j  

0 - v then e = 1. This is  t h e  case  of a  pe r fec t ly  e l a s t i c  c o l l i s i o n .  
i j  

I n  t h e  majori ty of cases  the c o l l i s i o n s  between two i c e  c r y s t a l s  or  

an i c e  c r y s t a l  and a f ixed p l a t e  l i e  somewhere i n  between. 

The change i n  momentum of a c r y s t a l  h i t t i n g  a p l a t e  is: 

0 
where AM is t h e  change i n  momentum, M and Mij a r e  the  momentum 

i j 

of p a r t i c l e  i j  before and a f t e r  the  c o l l i s i o n ,  respect ively ,  and 

m . .  i s  t h e  mass of t h e  c r y s t a l .  Solving Equation (28) f o r  v and 
11 i j  

subs t i tu t ing  i n t o  Equation (29) , 

It can be seen from t h i s  equation t h a t  the  change i n  momentum 

can be ca lcula ted  f o r  the  c o l l i s i o n  of a  p a r t i c l e  of known mass and 

ve loc i ty  with a f ixed p l a t e  i f  the  coef f i c ien t  of r e s t i t u t i o n  is 

known. The coef f i c ien t  of r e s t i t u t i o n  between i c e  c r y s t a l s  o r  between 

an i c e  c r y s t a l  and other  mater ia ls  has not been determined, however. 

One of the f i r s t  ob jec t s  of the  experimental work, then, must be the  

determination of t h e  coef f i c ien t  of r e s t i t u t i o n ,  e. 

3 .  Determination of t h e  Coefficient  of Res t i tu t ion  

A reasonable est imate of t h e  coef f i c ien t  of r e s t i t u t i o n  would 

appear t o  be q u i t e  straightforward. It would seem t h a t  a l l  one must 

do i s  evaluate Equation (28) f o r  a  number of c o l l i s i o n s  and determine 

e.  This i s  not t h e  case, however. F i r s t ,  the coef f i c ien t  of 

r e s t i t u t i o n  i s  a measure of the  e l a s t i c  p roper t i e s  of both ob jec t s  



which c o l l i d e .  Therefore, an i c e  c r y s t a l  c o l l i d i n g  wi th  another i c e  

c r y s t a l  w i l l  g ive  a  d i f f e r e n t  c o e f f i c i e n t  of r e s t i t u t i o n  than c o l l i d i n g  

wi th  some o the r  ma te r i a l .  The ma te r i a l  s e l ec ted  f o r  the  f ixed  p l a t e  

i n  t h e  experiment was p lek ig la s s  which has a  d i f f e r e n t  e l a s t i c i t y  than 

i c e .  Secondly, each i c e  c r y s t a l  has a  d i f f e r e n t  c o e f f i c i e n t  of 

r e s t i t u t i o n  depending on i t s  s t r u c t u r e  and degree of rime. The 

c r y s t a l s  which produce t h e  most fragments a r e  those with the  lowest 

c o e f f i c i e n t  of r e s t i t u t i o n .  This  i s  cons i s t en t  wi th  the  concept t h a t  

energy i s  absorbed by t h e  f r a c t u r i n g  process.  Thi rd ly ,  t h e  high-speed 

photography system used t o  ob ta in  a  l a r g e  s t a t i s t i c a l  sample d id  not  . 

permit extremely high speeds t o  ob ta in  t h e  p a r t i c l e  v e l o c i t i e s  

immediately before and a f t e r  impact. An involved i n t e g r a t i o n  of 

p a r t i c l e  t r a j e c t o r i e s  before and a f t e r  impact was required t o  ob ta in  

these  v e l o c i t i e s .  

For tunate ly ,  a  p r e c i s e  determinat ion of the  c o e f f i c i e n t  of 

r e s t i t u t i o n  i s  not  v i t a l .  I f  one were t o  assume a l l  t h e  c o l l i s i o n s  

were e l a s t i c  when, i n  f a c t ,  they were a l l  i n e l a s t i c ,  t h e  e r r o r  would 

be a  f a c t o r  of two i n  t h e  change of momentum a s  can be seen i n  Equation 

(30). However, t h e  measured changes i n  momentum ranged over four  

o rde r s  of magnitude and t h e  dependence of t h e  fragment generat ion 

funct ion  on t h e  change i n  momentum is  r e l a t i v e l y  weak. 

Appendix B descr ibes  the  mathematical method of obtaining e  f o r  

a  given c o l l i s i o n .  The r a t i o  of v e r t i c a l  v e l o c i t i e s  immediately before 

and a f t e r  impact were s tudied  f o r  a  number of c o l l i s i o n s .  Using t h i s  

method e  was found t o  average .37 f o r  graupel.  Since the  determin- 

a t i o n  of e  by t h i s  method severe ly  l imi t ed  t h e  d a t a  a v a i l a b l e  f o r  

reduct ion ,  e  was determined only f o r  graupel  and assumed t o  be t h e  



same f o r  o t h e r  c r y s t a l  types  c o l l i d i n g  i n  a cloud a s  we l l  a s  w i th  t h e  

f ixed  p l a t e .  Except f o r  unrimed p lane  d e n d r i t e s ,  t h i s  assumption is  

f e l t  t o  be a n  overes t imate  of e f o r  a l l  o t h e r  c r y s t a l s ,  a t  l e a s t  f o r  

c o l l i s i o n s  wi th  t h e  p l a t e .  This  overes t imate  of e r e s u l t s  i n  a 

s l i g h t  underest imate of t h e  e f f i c i e n c y  of fragment genera t ion  on t h e  

p l a t e .  However, s i n c e  e is  a l s o  assumed t o  be t h e  same i n  t h e  cloud,  

t h e  e f f i c i e n c y  of fragment genera t ion  i n  a cloud should be over- 

est imated t o  t h e  same e x t e n t .  

4. Summary 

Once t h e  c o e f f i c i e n t  of r e s t i t u t i o n  i s  determined, t h e  change i n  

momentum can be obtained f o r  a given c o l l i s i o n .  Therefore,  t h e  

number of fragments produced can be r e l a t e d  t o  t h e  change i n  momentum 

f o r  a given c o l l i s i o n .  Provided a l a r g e  sample of c o l l i s i o n s  i s  

a v a i l a b l e ,  a fragment genera t ion  func t ion  can be obtained f o r  each 

c r y s t a l  type des i r ed .  The fragment genera t ion  func t ions  can then  be 

s u b s t i t u t e d  i n t o  Equation (18) from which t h e  r a t e  of change i n  

c r y s t a l  concent ra t ion  can be s tud ied  wi th  time. 

The next  chapter  w i l l  de sc r ibe  i n  d e t a i l  t h e  appara tus  and 

.procedures  used t o  o b t a i n  t h e  fragment genera t ion  func t ions .  



CHAPTER I11 

EXPERIMENTAL DATA AND PROCEDURES 

A. Descr ip t ion  of Experimental Apparatus 

The de termina t ion  of t h e  fragment genera t ion  func t ions  r e q u i r e  

t h e  observa t ion  of i c e  c r y s t a l s  c o l l i d i n g  wi th  a  f i xed  p l a t e .  The 

instrument  designed t o  make these  observa t ions  i s  shown i n  Figure 3 .  

It cons i s t ed  of a  16mm movie camera mounted t o  view p a r a l l e l  t o  t h e  

su r f ace  of a  b lack  p l e x i g l a s s  p l a t e .  An opt ica l ly-b lack  background 

w a s  cons t ruc ted  behind t h e  p l a t e  t o  a l low photography during day l igh t  

hours .  A high- in tens i ty  l i g h t  source w a s  mounted t o  one s i d e  of t h e  

p l a t e  t o  i l l u m i n a t e  t h e  f a l l i n g  c r y s t a l s .  The e n t i r e  instrument was 

secured t o  a heavy a d j u s t a b l e  t r i p o d  which allowed t h e  instrument  t o  

be r o t a t e d  so  t h a t  t h e  wind was perpendicular  t o  t h e  o p t i c  a x i s  of 

t h e  camera. 

The camera used was a  model DMB 4, 16 n m ~  high-speed movie 

camera manufactured by t h e  D.  B. Mi l l i ken  Company of Arcadia,  

C a l i f o r n i a .  It had a  f i l m  magazine which permit ted t h e  use of 400' 

r o l l s  of f i lm .  A £11.8 l e n s  wi th  a  5-mm ex tens ion  was used t o  observe 

t h e  c r y s t a l s .  The depth of f i e l d  w a s  about 1 cm a t  1 0  cm from t h e  

f r o n t  of t h e  l e n s .  This  con f igu ra t ion  allowed t h e  image s i z e  on t h e  

f i l m  t o  be about 113 a c t u a l  s i z e  and permit ted a  magni f ica t ion  of 40X 

a c t u a l  s i z e  by p ro j ec t ion  l a t e r .  The f i l m  used w a s  Kodak 4-X Reversal  

b lack  and white  f i l m  wi th  an  ASA r a t i n g  of 320. Be t t e r  r e s o l u t i o n  

could have been obtained wi th  slower f i l m  but  t h e  l i g h t  i n t e n s i t y  wi th  

a  continuous lamp w a s  l imi t ed  by t h e  hea t  produced. A t  temperatures 

near  f r eez ing ,  t h e  hea t  from ve ry  high i n t e n s i t y  lamps would cause 



Figure 3 .  Photograph of t h e  instrument used i n  the  fixed-plate 
experiment . 

the  c r y s t a l s  t o  m e l t  and s t i c k  upon h i t t i n g  a warm surface.  Strobes 

were not attempted because of the  complications i n  synchronizing the  

camera and s t robes  a t  the  high frame r a t e s .  The camera was found t o  

have a normal frame r a t e  of 101.7 frames per second. When the  camera 

was kept heated between operat ions and no f i lm t ranspor t  problems 

occurred, the  camera functioned accura te ly  a t  t h i s  frame r a t e .  When 

the  camera malfunctioned and the  frame r a t e  was questionable t h e  da ta  

were not used. 

Figure 4 shows a sequence of six frames taken during the  c o l l i s i o n  

of a heavily-rimed plane dendr i te  with the  p l a t e .  This p a r t i c u l a r  

c r y s t a l  produced 15 fragments. The qua l i ty  of t h e  photographs i n  

Figure 4 a r e  not a s  good a s  the  d i r e c t  projec t ion of t h e  o r i g i n a l  

f i lm on a screen. Consequently, some of t h e  smaller fragments can 

not be dist inguished i n  t h i s  sequence. The minimum detectable  s i z e  



Figure 4 .  A sequence of six frames taken during the co l l i s i on  of a 
heavily-rfmed plane dendrite with the fixed plate .  The 
frames are approximately . O 1  sec .  apart. 



of fragment which could be de t ec t ed  wi th  t h i s  instrument  was est imated 

t o  be 50 microns. 

Since t h e  r e s o l u t i o n  from t h e  16mm f i l m  was too  coa r se  t o  a l l ow 

d e t a i l e d  c l a s s i f i c a t i o n  of c r y s t a l  types  and degree of rime, a  

microscope wi th  an a t t ached  camera w a s  used t o  determine c r y s t a l  

s t r u c t u r e .  I c e  c r y s t a l s  were c o l l e c t e d  i n  cooled hexane immediately 

before  and a f t e r  a sequence of 16mm f i l m  was taken.  This  technique 

f o r  c o l l e c t i n g  i c e  c r y s t a l s  i n  hexane w a s  suggested by D r .  Charles  

Knight (personal  communication). The hexane prevents  t h e  c r y s t a l s  

from metamorphosizing f o r  s h o r t  per iods  of time and inc reases  t h e  

c o n t r a s t  i n  and around a  c r y s t a l .  I c e  c r y s t a l s  were c o l l e c t e d  a s  

shown i n  Figure 5 and photographed a s h o r t  t ime l a t e r .  The microscope 

w a s  equipped wi th  a  co ld  s t a g e  t o  a l low g r e a t e r  i n v e s t i g a t i o n  of a  

sample of c r y s t a l s  before  t h e  hea t  from t h e  microscope lamp changed 

t h e  c r y s t a l s .  Figure 6 shows an  example of each of t he  f i v e  c r y s t a l  

types  s tud ied  i n  t h i s  manner. 

The d a t a  obtained dur ing  t h e  win ter  of 1973-74 were c o l l e c t e d  

wi th  t h e  camera system descr ibed .  I n  t he  previous win ter  a completely 

. d i f f e r e n t  instrument  was used as a pre l iminary  s tudy  t o  t h i s .  Unrimed 

p lane  d e n d r i t e s  were t h e  predominate c r y s t a l s  s tud ied  t h a t  f i r s t  win ter  

and s i n c e  l i t t l e  d a t a  were obtained f o r  t h i s  c r y s t a l  type  t h e  second 

win te r ,  t he se  d a t a  were included i n  t h i s  s tudy .  The instrument  shown 

i n  Figure 7 ,  cons is ted  of a  humidified cold chamber w i th  a ho le  i n  t h e  

top and a t r a y  of supercooled sugar s o l u t i o n  i n  t h e  bottom. Mounted 

about 25 cm below t h e  upper h o l e  and about 10  cm above t h e  sugar  

s o l u t i o n  w a s  a l-mm mesh copper screen.  I c e  c r y s t a l s  were allowed t o  

f a l l  through t h e  upper hole ,  p re fe rab ly  one a t  a time, and impinge 



Figure 5 .  Photographs of the data collection procedures and 
equipment se t  up in  the f i e ld  at  HAO, near Leadville, 
Colorado. 



Unrimed Plane Dendrites 

Lightly-Rimed Plane Dendrite 

Figure 6 .  Examples of each of the f i v e  crystal types studied. 
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on the  screen. The fragments produced i n  t h e  c o l l i s i o n  would f i l t e r  

through the  screen and f a l l  i n t o  t h e  sugar so lu t ion ,  growing t o  

detec table  s i z e s  f o r  counting. The chamber was humidified t o  prevent 

small fragments from sublimating before reaching the  sugar solut ion.  

The da ta  obtained from t h i s  instrument were q u a l i t a t i v e  because 

no measure of t h e  impact ve loc i ty  was made. Therefore, t h e  camera 

and f ixed p l a t e  system was designed f o r  the  following winter .  One 

advantage the  cold chamber had, however, was the  detec t ion of very 

small fragments. The q u a l i t a t i v e  agreement between the  two systems 

f o r  s imi lar  c r y s t a l s  leads  m e  t o  bel ieve  t h a t  most of t h e  fragments 

produced by mechanical f r ac tu r ing  a r e  f a i r l y  l a r g e  - l a r g e  enough t o  

be detected by the  camera system. The photograph of unrimed plane 

dendr i tes  i n  Figure 6 shows the  screen used i n  t h e  cold chamber 

instrument. 

B. Data Collect ion and Reduction Procedures. 

Sui table  da ta  were col lec ted  f o r  f i v e  c r y s t a l  c l a s s i f i c a t i o n s .  

These data  were obtained over a period of two years from th ree  

locat ions  i n  t h e  S t a t e  of Colorado. The cloud condit ions w e r e  
7.. 

general ly orographic i n  nature  with occasional embedded convection. 

Table 1 shows the  da ta  sources f o r  each of the  c r y s t a l  types. 

Wolf Creek Pass i s  a t  an e levat ion of about 10,000 f e e t  i n  t h e  

San Juan mountains of Southern Colorado; the  High At l t iude  

Observatory i s  a t  an e levat ion of 11,300 f e e t  on t h e  Continental 

Divide near Leadville, Colorado; and For t  Col l ins  is a t  an e levat ion 

of about 5,000 f e e t  i n  northeastern Colorado. The equipment was 

assembled a t  each of these  sites and leveled ca re fu l ly  t o  insure  



Table 1. Data sources  f o r  each of t h e  f i v e  c r y s t a l  types  s tud ied .  

CRYSTAL TYPE DATES LOCATIONS 
I 
INSTRUMENT 

Unrimed Plane  3 Jan  73 F o r t  C o l l i n s  Cold Chamber 
Dendr i tes  7 Feb 73 F o r t  C o l l i n s  Cold Chamber 

LGT-MDT Rimed 
Plane Dendr i tes  

26 Jan  74 Wolf Creek 
Pass  

Fixed P l a t e  

HVY Rimed Plane 
Dendr i tes  

2 Nov 73 F o r t  C o l l i n s  Fixed P l a t e  

Climax 
LGT-MDT Rimed 1 3  Dec 73  High A l t i t u d e  Fixed P l a t e  
S p a t i a l  C r y s t a l s  Observatory 

13  Dec 73 
Graupel 

Climax 
High A l t i t u d e  
Observatory 

Fixed P l a t e  

26 Jan  74 Wolf Creek Pass  Fixed P l a t e  

s i m i l a r  c o l l e c t i o n  procedures a t  a l l  t h r e e  s i t e s .  No d a t a  were used 

when t h e  wind exceeded f i v e  knots  o r  when i t  was gus ty .  The camera 

and p l a t e  were r o t a t e d  a s  needed t o  keep t h e  o p t i c  a x i s  perpendicular  

t o  t h e  wind d i r e c t i o n .  Continuous sequences of 30-60 seconds du ra t ion  

were sho t  t o  a l l ow t h e  camera t o  reach  and main ta in  a cons tan t  frame 

r a t e .  The camera normally came up t o  speed i n  l e s s  than f i v e  seconds 

and d a t a  i n  t h e  a c c e l e r a t i n g  o r  d e c e l e r a t i n g  s e c t i o n s  were no t  used. 

I n  heavy snowfal ls  t h e  p l a t e  would become covered wi th  c r y s t a l s  i n  

about t e n  seconds, so  t h e  p l a t e  was cleaned p e r i o d i c a l l y  dur ing  

0 
shoot ing.  Occasional ly,  t h e  s u r f a c e  temperature was warmer than  25 F. 

I n  t h e s e  cases  t h e  p l a t e  would become too  warm because of hea t ing  from 

d i f f u s e  s u n l i g h t  and a r t i f i c i a l  l i g h t i n g .  When t h e  s u r f a c e  became 

wet o r  "s t icky" from t h i s  e f f e c t  t h e  d a t a  were no t  used. 



The da ta  were reduced by p ro jec t ing  t h e  f i lm  onto a screen  a t  a 

known magnif icat ion and t h e  mass, impact v e l o c i t y ,  and number of 

fragments were measured. V e r t i c a l  v e l o c i t y  was obtained by measuring 

t h e  l eng th  of t h e  b l u r  a s  a c r y s t a l  approached t h e  p l a t e  and mult i -  

plying by t h e  s i n e  of the  angle between t h e  t r a j e c t o r y  of t h e  p a r t i c l e  

and t h e  p l a t e .  The mass was ca lcula ted  by assuming t h e  p a r t i c l e s  

obeyed t h e  mass-diameter r e l a t i o n s h i p s  of Nakaya (1954) f o r  t h e  

d i f f e r e n t  c r y s t a l  types.  The diameter was obtained from t h e  width of 

t h e  b lu r .  The number and diameter of t h e  fragments was obtained a f t e r  

a c o l l i s i o n  by viewing from one t o  f i v e  frames a f t e r  the  c o l l i s i o n  f o r  

evidence of fragments. When many fragments were produced and the  

background was c l u t t e r e d  by snow on t h e  p l a t e  o r  fragments from other  

nearby c o l l i s i o n s ,  t h i s  process became extremely d i f f i c u l t .  However, 

by viewing more than one frame a f t e r  t h e  c o l l i s i o n ,  t h e  motion of t h e  

fragments normally betrayed t h e i r  source and allowed t h e i r  i d e n t i f i -  

c a t  ion.  

The reduct ion  procedure f o r  graupel  was a b i t  more complicated 

because not  only t h e  number and s i z e  of the  fragments a f t e r  c o l l i s i o n  

were required but  a l s o  t h e  v e l o c i t y  i n  two successive frames. A 

s imi la r  process was used a s  before but  was more exact ing.  Since 

graupel  produced r e l a t i v e l y  few fragments and normally rebounded i n  a 

higher  t r a j e c t o r y  than t h e  o the r  c r y s t a l  types ,  t h e  t a s k  was somewhat 

e a s i e r .  However, a l a r g e  percentage of c o l l i s i o n s  w e r e  el iminated 

because of the  requirement f o r  two consecutive frames t o  conta in  a l l  

of t h e  fragments a f t e r  a c o l l i s i o n .  For t h i s  reason and t h e  increas ing  

d i f f i c u l t y  f o r  g r e a t e r  numbers of fragments, t h i s  d e t a i l e d  procedure 



was attempted only f o r  graupel.  Prom t h i s  ana lys i s  an average 

coef f i c ien t  of r e s t i t u t i o n  was determined a s  described i n  Chapter I1 

and Appendix B . 
Data reduction f o r  the  unrimed plane dendr i tes  was done simply 

by counting the  number of c r y s t a l  fragments l e f t  on t h e  screen and 

produced i n  t h e  sugar solut ion.  No f a l l  ve loc i ty  o r  fragment s i z e  

w a s  obtained except f o r  the  few l e f t  on t h e  screen. For t h i s  reason 

an assumption was made t h a t  the  i n i t i a l  c r y s t a l s  f e l l  a t  t h e  theore t i ca l  

f a l l  ve loc i ty  f o r  unrimed plane dendr i tes  and the  fragment d i s t r i b u t i o n  

was the  same a s  t h a t  measured f o r  light-moderate rimed plane dendr i tes .  

Determination of the  Fragment Generation Function. 

We a r e  now i n  a  pos i t ion  t o  show how t h e  fragment generation 

function was determined. Given, t h a t  t h e  change i n  momentum can be 

determined f o r  a  number of c o l l i s i o n s  with a  f ixed p l a t e  and t h a t  

t h i s  change of momentum may be applied t o  c o l l i s i o n s  i n  a  cloud by 

proper mathematical treatment, the  number of fragments generated may 

be determined a s  a  function of t h e  change i n  momentum. Each c r y s t a l  

type has a  d i f f e r e n t  r e la t ionsh ip  between t h e  number of fragments 

generated and the  change i n  momentum due t o  d i f f e r e n t  l ike l ihoods  of 

fragmentation. Figures 8 through 1 2  show p l o t s  of t h e  number of 

fragments versus  t h e  change i n  momentum f o r  each of the  f i v e  c r y s t a l  

types studied.  A least-squares curve f i t  was applied t o  each of the  

p l o t s  t o  determine t h e  most-likely fragment generat ion function.  

Figure 13 shows a l l  f i v e  curves p lo t ted  together and Table 2 gives 

the  equations, co r re la t ion  coef f i c ien t s ,  number of c o l l i s i o n s ,  and 

c r i t i c a l  values f o r  each of the  c r y s t a l  types. The c r i t i c a l  value 
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T a b l e  2. E q u a t i o n s  of  t h e  f ragment  g e n e r a t i o n  f u n c t i o n s  and c o r r e l a t i o n  c o e f f i c i e n t s  f o r  second o r d e r  
least  s q u a r e s  f i t .  

CRYSTAL TYPE EQUATION 
CORRELATION NUMBER OF 
COEFFICIENT COLLISIONS 

CRITICAL VALUE 
(gm cmlsec)  

Unrimed P l a n e  
D e n d r i t e s  3.234 + .6867 Log AM 

LGT-MDT Rimed 15.97 + 9.261 Log AM 
P l a n e  D e n d r i t e s  + 1.432 (Log AM) 

2 

HVY Rimed P l a n e  
D e n d r i t e s  

76.36 + 49.10 Log AM 

+ 7.959 (Log AM) 
2 

LGT-MDT Rimed 72.24 + 39.56 Log AM 
S p a t i a l  C r y s t a l s  + 5.52 (Log AM) 2 

Graupe l  14.16 + 6.333 Log AM 

+ .74 (Log AM) 
2 



f o r  a  c r y s t a l  type is  t h e  v a l u e  f o r  t h e  change i n  a  momentum a t  which 

t h e  number of fragments becomes one. This  means t h a t  no secondary 

p a r t i c l e s  a r e  produced but  t h e  f i n a l  p a r t i c l e  a f t e r  c o l l i s i o n  is  t h e  

same a s  t h e  i n i t i a l  p a r t i c l e  before  c o l l i s i o n .  A t  a l l  va lues  of t h e  

change i n  momentum below t h e  c r i t i c a l  va lue ,  t h e  number of fragments 

i s  equal  t o  one. 

Some i n t e r e s t i n g  f a c t s  a r e  ev ident  i n  Figure 13 and Table 2 .  

1. For p lane  d e n d r i t e s ,  t h e  g r e a t e r  t he  degree of rime, t h e  

g r e a t e r  t h e  fragmentat ion.  

2 .  Also f o r  p lane  d e n d r i t e s ,  t h e  g r e a t e r  t h e i d e g r e e  of rime, 

t h e  g r e a t e r  t h e  c r i t i c a l  va lue .  This  seems t o  be t h e  oppos i te  

of t h e  expected e f f e c t  s i n c e  i f  t h e  s tatement  i n  1 above i s  

t r u e ,  t he  c r i t i c a l  va lue  would be expected t o  be l e s s  f o r  

g r e a t e r  rime. Th i s  r e s u l t  may be an  e f f e c t  due t o  curve 

f i t t i n g  . 
3 .  Light-moderate rimed s p a t i a l  c r y s t a l s  a r e  t h e  most e f f e c t i v e  

c r y s t a l s  s tud ied  f o r  genera t ing  fragments.  This  may be due t o  

t h e  g r e a t e r  l i ke l ihood  of f r a c t u r i n g  t h e  bu r r - l i ke  p ro t rus ions  

from a  s p a t i a l  c r y s t a l  when it c o l l i d e s  wi th  a  f l a t  su r f ace .  

This  e f f e c t  may n o t  be q u i t e  a s  important i n  a  cloud f o r  

c o l l i s i o n s  between c r y s t a l s .  

4 .  Graupel are s u r p r i s i n g l y  i n e f f e c t i v e  i n  genera t ing  fragments.  

Since graupel  may o r i g i n a t e  on s p a t i a l  c r y s t a l s ,  t h e  comparison 

between t h e  r e s u l t s  f o r  graupel  and s p a t i a l  c r y s t a l s  is 

s t r i k i n g .  It would appear t h a t  rime causes a c r y s t a l  t o  

become more f r a g i l e  u n t i l  t h e  rime begins t o  " f i l l - i n "  t h e  

spaces of a c r y s t a l  s u f f i c i e n t l y  t h a t  a "cementing" e f f e c t  



becomes predominate. A t  t h i s  po in t ,  t h e  c r y s t a l  appears t o  

become s t ronger  again and only weakly-bonded su r face  rime may 

break o f f ,  r a t h e r  than f r a c t u r i n g  of t h e  i n t e r n a l  s t r u c t u r e .  

5. Unrimed plane dendr i t e s  which have been proposed f o r  so  many 

years  a s  a poss ib le  source of secondary i c e  c r y s t a l s  a r e  

dramat ica l ly  i n e f f e c t i v e  i n  generat ing fragments. This  

statement w i l l  be qua l i f i ed  somewhat, however, when t h e  

c o l l i s i o n  frequency i s  s tudied  i n  Chapter V .  Plane dendr i t e s  

con t r ibu te  an  unproport ionate amount t o  t h e  t o t a l  fragment 

production because of t h e  l a r g e  cross-sec t ional  a rea  and 

r e l a t i v e  f a l l  v e l o c i t y  compared t o  o the r  c r y s t a l s .  

Data Limi ta t ions  

A s t r i c t  e r r o r  ana lys i s  w i l l  no t  be attempted f o r  t h i s  s tudy 

because s t a t i s t i c a l  techniques a r e  not  adequate where order  of 

magnitude changes a r e  occurr ing.  However, some ind ica t ions  .of e r r o r  

sources w i l l  be discussed and e f f e c t s  on t h e  r e s u l t s  est imated.  

The bas ic  equation f o r  est imating t h e  number of fragments f o r  

a given change i n  momentum can be derived from Equation (30) of Chapter 

11. 

where AM is t h e  change of momentum i n  t h e  v e r t i c a l  d i r e c t i o n ,  m i s  
i j 

t h e  mass of t h e  p a r t i c l e ,  w i s  t h e  i n i t i a l  v e r t i c a l  v e l o c i t y ,  and' e 

is  the c o e f f i c i e n t  of r e s t i t u t i o n .  The mass, m ,  i s  determined by the  

appropr ia te  equation of Nakaya (1954) using a measured diameter.  

The e r r o r  i n  t h e  measurement of diameter is  approximated t o  be 10% but  

Nakaya's equat ion conta ins  unknown e r r o r s .  Therefore, m w i l l  no t  



be analyzed by components but  a  t o t a l  maximum e r r o r  a p p r n x i m a t c ~ l  t o  

be 50%. The c o e f f i c i e n t  of r e s t i t u t i o n ,  e ,  involves a complicared 

s e r i e s  of dependent computations. It w i l l  a l s o  be l e f t  i n t a c t  and 

t h e  e r r o r  approximated by i t s  standard dev ia t ion  which i s  about 50%. 

The v e r t i c a l  v e l o c i t y  may be broken i n t o  the  measurerl~enr <)f tLi, 

l e n g t h  of t he  b l u r  i n  t h e  photographs which has a n ~ ; i x i m ~ m ~  error  o t  

10% and t h e  frame r a t e  which has  an e r r o r  of 1%. Ther-lfore,  l o g s r i t h -  

mica l ly  d i f f e r e n t i a t i n g  Equation (31): 

where i3 i s  the  l eng th  of t h e  b l u r  and t i s  t h e  exposure time f o r  a  

s i n g l e  frame. S u b s t i t u t i n g  t h e  est imated maximum e r r o r s  i n  Equation 

(32)  g ives :  

The t o t a l  e r r o r  i n  AM i s  approximately 2 110% wi th  t h e  major 

source being t h e  e s t ima te  of mass and t h e  c o e f f i c i e n t  of r e s t i t u t i o n .  

For tuna te ly ,  t h e  fragment genera t ion  func t ion  i s  dependent on t h e  

logari thm of t h e  change i n  momentum a s  fol lows:  

N = a +  B l og  AM+y( log  AM) 
2 

The c o e f f i c i e n t s  a ,  8 ,  and y were found by t h e  method of l e a s t  

squares  and t h e i r  con t r ibu t ion  t o  t h e  e r r o r  can be est imated from t h e  

c o r r e l a t i o n  c o e f f i c i e n t s  found i n  Table 2 .  The e f f e c t  of an  e r r o r  

i n  AM depends on t h e s e  c o e f f i c i e n t s ,  however. Assuming a  110% e r r o r  

i n  AM t h e  e f f e c t  on N v a r i e s  depending on t h e  c r y s t a l  type because 

t h e  c o e f f i c i e n t s  are d i f f e r e n t .  Table 3 shows t h i s  e f f e c t  f o r  t h e  

f i v e  d i f f e r e n t  c r y s t a l  types .  



Table 3 .  N and AN/N with a 10% increase  i n  AM f o r  the  f i v e  c r y s t a l  
Types studied.  

CRYSTAL TYPE N f o r  AM = 1 x AN f o r  AM = 1.1 AM 
AN - 

N 

Unrimed Plane 
Dendrites 

LGT-MDT Rimed 
Plane Dendrites 

Hvy Rimed 
Plane Dendrites 

LGT-MDT Rimed 
Spa t i a l  Crys ta ls  

Graupel 4.45 51.17 2 . 2 6  

From Table 3 it is evident t h a t  t h e  g r e a t e s t  e f f e c t  of e r r o r  i n  

the  experiment i s  on t h e  c r y s t a l  types t h a t  produce the  most fragments. 

Even here,  however, the  e f f e c t  i s  t o  change N by a maximum of 68% f o r  

a 110% change i n  AM. . '3 

The observation of N f o r  the  p l o t s  i n  Figures 8-12 was estimated 

t o  be i n  e r r o r  by less than 10%. Other sources of e r r o r  may be due 

t o  the  l imited sample avai lable .  Although a l a r g e  number of c o l l i s i o n s  

were analyzed f o r  each of t h e  f i v e  c r y s t a l  types,  i t  is  poss ib le  t h a t  

cloud conditions peculiar  t o  Colorado o r  the  sample of da ta  obtained 

may have biased the  r e s u l t s .  Samples from d i f f e r e n t  loca t ions  and 

times i n  Colorado gave consis tent  r e s u l t s ,  however, giving more 

confidence i n  the  r e s u l t s .  

The t o t a l  e r r o r  i n  t h e  fragment generat ion function is  estimated 

t o  be well  within a f a c t o r  of two. Since the  rate of change i n  t h e  

c r y s t a l  concentration, dC(dt, i s  d i r e c t l y  proport ional  t o  t h e  fragment 



generat ion function,  N ,  (See Equation 17) ,  a given e r r o r  i n  N 

produces a d i r e c t l y  r e l a t e d  e r r o r  i n  dCtdt. This e f f e c t  w i l l  be 

shown t o  be unimportant i n  the  f i n a l  r e s u l t s .  



CHAPTER I V  

NUMERICAL MODELING 

A .  Model Description 

The general  so lut ion t o  Equation (18) can only be found i f  K(t) 

i s  known a s  a function of time. K(t) w i l l  vary,  depending on the  

i n i t i a l  c r y s t a l  type and s i z e  d i s t r i b u t i o n s ,  on t h e  s i z e  d i s t r i b u t i o n s  

of the  fragments which a r e  produced i n  the  cloud, and on t h e  r a t e  of 

accre t ion and d i f fus ion  which takes  place on t h e  o r i g i n a l  c r y s t a l s  

and fragments. Since these f a c t o r s  change i n  a time-dependent manner, 

a general ana ly t i c  function f o r  K(t) i s  not obtainable.  Therefore, 

a numerical model has been constructed t o  approximate t h e  change i n  

K(t) and i n t e g r a t e  Equation (18) i n  time. 

The flow diagram f o r  t h e  numerical model i s  shown i n  abbreviated 

form i n  Figure 14. This model was used i n  two modes: (1) t o  determine 

the  bes t  c r y s t a l  combinations and s i z e  d i s t r i b u t i o n s  f o r  generating 

secondary p a r t i c l e s  and (2) t o  determine t h e  magnitude of secondary 

p a r t i c l e  generation f o r  a s p e c i f i c  time-dependent case. I n  t h e  f i r s t  

mode t h e  model w a s  run f o r  one t i m e  s t e p  f o r  each of 252 d i f f e r e n t  

c r y s t a l  types and s i z e  d i s t r i b u t i o n s  combinations. K w a s  determined 
0 

f o r  each combination. The l a r g e s t  K O ' s  indicated t h e  bes t  c r y s t a l  

types and s i z e  d i s t r i b u t i o n s  f o r  generating secondary p a r t i c l e s .  I n  

the  second mode t h e  model was run f o r  f i f t e e n  time s t e p s  f o r  spec ia l  

cases. I n  these  computations K(t) var ied  with time and, consequently, 

C(t) had a d i f f e r e n t  form, from t h a t  when K(t) was equal t o  a constant ,  

KO. The magnitude of secondary p a r t i c l e  generation was found t o  be 





less than t h e  case f o r  K(t) = K with some assumptions and g rea te r  f o r  
0 

o ther  assumptions. 

The model allowed t h e  se lec t ion  of f i v e  c r y s t a l  types and e ight  

s i z e  d i s t r i b u t i o n s .  The f i v e  c r y s t a l  types were unrimed plane 

dendr i tes ,  lightly-rimed plane dendr i t e s ,  heavily-rimed plane 

dendr i tes ,  lightly-rimed s p a t i a l  c r y s t a l s ,  and graupel.  The e ight  

s i z e  d i s t r i b u t i o n s  a r e  shown i n  Figure 15. Since the  c r y s t a l  

concentrat ion can be t r ea ted  a s  an independent va r iab le  separa te  from 

K( t ) ,  C was s e t  equal t o  .1 c r y s t a l  per  l i ter  i n  most cases.  Since 
0 

two c r y s t a l  types were t rea ted  a t  any one time, each c r y s t a l  type was 

assumed t o  contr ibute  half  of the  t o t a l  c r y s t a l  concentration. This 

assumption maximizes t h e  in te rac t ion  between c r y s t a l s  and is an 

important assumption i n  determining K( t ) .  K(t) w i l l  be l e s s  f o r  the  

case where two c r y s t a l  types a r e  present  but  one c r y s t a l  type 

contr ibutes  less than half  of t h e  t o t a l  concentration. 

The model bui lds  th ree  two-dimensional a r rays  f o r  use i n  l a t e r  

computations. The f i r s t  a r ray  i s  t h e  concentrat ion of each c r y s t a l  

type i n  100 s i z e  categories.  The s i z e  ca tegor ies  were se lec ted  50 pm 

wide and, consequently, t h e  size range was from 0 t o  5000 urn. The 

concentrat ions by s i z e  category a r e  ca l l ed  C . . ' s  where i is t h e  c r y s t a l  
1J 

type and j is t h e  s i z e  category. The sum of a l l  C . . ' s  a t  any time 
1J 

must equal C .  For time zero C normally equaled .1 c r y s t a l / l i t e r ,  
0 

The second array  was t h e  c r y s t a l  mass per category, mij. These masses 

were determined from Nakaya's (1954) mass-diameter equations shown i n  

Table 4. The mass f o r  a given category was computed f o r  the  mid-size 

i n  the  category. The t h i r d  a r ray  was t h e  terminal f a l l  v e l o c i t i e s  





Table 4 .  Mass-diameter and te rmina l  f a l l  v e l o c i t y  equat ions used i n  
t h e  numerical model. 

CRYSTAL TYPE MASS -DIAMETER EQUAT I O N  FALL VELOCITY EQUATION 

UNRM PDEN I ( 3 . 8 ~ 1 0  
-12)x02 I 

< 
1 MDT-RM PDEN , (2. ~ X ~ O - ' ~ ) X D  2 1 9 . 4 ~ ' ~ ~ ~  

i 
I 

? 

HVY-RM PDEN i (2.  7 x l 0 - ~ ~ ) x D  
2 1 2 5 . 5 0 ' ~ ' ~  

3 i 

3 I 1 (6 . 5x10- l4 )x~  GRAUPEL I -267+138 Logl0D 
- 

obtained from d i f f e r e n t  sources.  The f a l l  v e l o c i t i e s  f o r  t h e  f i v e  

c r y s t a l  types  v s .  s i z e  a r e  shown i n  F igure  16 .  The f a l l  v e l o c i t i e s  

f o r  unrimed p lane  d e n d r i t e s  and graupel  were obtained from Brown 

(1970) and Z i b u n d a  and V a l i  (1972) r e s p e c t i v e l y .  I f e l t  Nakaya's 

d a t a  f o r  va r ious  degrees of rime were inadequate  f u r  accu ra t e  

de te rmina t ion  of f a l l  v e l o c i t i e s .  Therefore,  I used t h e  d a t a  obtained 

i n  a s s o c i a t i o n  wi th  t h e  fragment genera t ion  func t ions  t o  compute f a l l  

v e l o c i t i e s .  The de termina t ion  of t h e  f a l l  v e l o c i t y  equat ions  f o r  

l ight ly-r imed p lane  d e n d r i t e s ,  heavily-rimed p lane  d e n d r i t e s ,  and 

l ight ly-r imed spatial c r y s t a l s  i s  discussed i n  Appendix C . 
The next  s t e p  i n  t h e  model w a s  t o  compute t h e  c o l l i s i o n  c r o s s  

s e c t i o n  and t h e  number of fragments generated i n  a given c o l l i s i o n .  

The c o l l i s i o n  c r o s s  s e c t i o n  w a s  approximated by t h e  a r e a  of a d i s c  

w i th  diameter  equal  t o  t h e  sum of t h e  diameters  of t h e  two c o l l i d i n g  

p a r t i c l e s .  The number of fragments produced per  c o l l i s i o n  is  obtained 

by eva lua t ing  Equations (9) and ( l o ) ,  given t h e  d a t a  i n  Table 2 .  



DIAMETER (mm)  
- U,NRIMED PLANE DENDRITES ---- LGT RIMED PLANE DENDRITES 
-.- HVY RIMED PLANE DENDRITES 

AND LGT-MDT RIMED SPATIAL CRYSTALS ...... GRAUPEL 

Figure 16. Terminal f a l l  v e l o c i t i e s  a s  a funct ion  of c r y s t a l  diameter 
f o r  t he  f i v e  c r y s t a l  types  s tudied .  



dC 
The change i n  c r y s t a l  concent ra t ion  (-) d t  i j k l  

f u r  c r y s t a l  type i - 
s i z e  j when h i t  by c r y s t a l  t ype  k - s i z e  1 is  then  determined by 

eva lua t ing  Equation (11) .  Also, t h e  t o t a l  change i n  c rys ta l  concen- 

t r a t i o n  i s  determined from Equation (13) .  The de termina t ion  of t h e  

change i n  t h e  t o t a l  c r y s t a l  concentrat ior l  involves  four  nested do 

loops.  For two c r y s t a l  types  of 100 s i z e  c a t e g o r i e s ,  10,000 passes  

through s t e p  B a r e  requi red .  The t o t a l  computation rime f o r  cme time 

s t e p  on a CDC 6400 computer was approximately 15 seconds. 

I f  only one time s t e p  w a s  c a l l e d  f o r ,  t h e  ukodel w\)ulti y j ~ l u t  t h e  

f i n a l  t o t a l  c r y s t a l  concent ra t ion  and f i n a l  s i z e  d i s t r i b u t i o n  a r r a y s  

and s t a r t  aga in  wi th  new c r y s t a l  c o m b i n a t f ~ n s  o r  s i e c  d i b t r l t , u t i o n s .  

I f  however, a d d i t i o n a l  t ime s t e p s  were c a l l e d  f o r ,  t h e  o l i g i i i s l  s i z e  

d i s t r i b u t i o n s  were modified by t h e  a d d i t i o n  of fragments and t h e  

e f f e c t s  of a c c r e t i o n  and d i f f u s i o n .  A s i z e  d i s t r i b u t i o n  f o r  the  

fragments i s  requi red  t o  permit  a c c u r a t e  modeling of t h e  regrowth of 

t h e  fragments. Since t h e  s i z e  d i s t r i b u t i o n  of t h e  fragments is  no t  

known i n  gene ra l ,  a s p e c i f i c  ca se  of graupel  and haaviLy-rirued p lane  

d e n d r i t e s  w a s  t r e a t e d  because a f a i r l y  good d i s t r i b u t i o n  f o r  t hese  

fragments was obtained i n  t h e  f i x e d  p l a t e  experiment,  

A b a s i c  assumption which could have some e f f e c t  on t h e  model 

r e s u l t s  should be mentioned a t  t h i s  po in t .  Since l i t t l e  i s  known 

of t h e  fragment s i z e s ,  i t  was assumed t h a t  t h e  s i z e  L ~ f  fragments 

produced by c o l l i s i o n s  i n  a cloud i s  t h e  same a s  c o l l i s i o n s  wi th  t h e  

f ixed  p l a t e .  This  is  probably no t  t r u e  as t h e  s i z e  of fragments is 

most l i k e l y  some func t ion  of t h e  change i n  momentum, AM. I f  t h e  

s i z e  of fragments i s  p ropor t iona l  t o  AM, t h e  model w i l l  g i v e  r e s u l t s  



which over e s t ima te s  t h e  genera t ion  rate of secondary p a r t i c l e s  and 

v i c e  versa .  It is  d i f f i c u l t  t o  say  a t  t h i s  t ime which case  i s  t r u e .  

The e f f e c t s  of d i f f u s i o n  were modeled a s  l inearly-dependent on 

s i z e  as shown by Hallett (1965), Marwitz and Auer (1968), Koenig 

(1971), Fukuta (1969), and Jayaweera (1971). Accret ion on graupel  

was assumed l i n e a r l y  dependent on s i z e  a l s o  a s  J u i s t o  (1968), Takeda 

(1968), and Hindman (1968) i n d i c a t e  i n  a crude manner. The r a t e s  of 

d i f f u s i o n a l  growth depend s t r o n g l y  on t h e  temperature w i th  t h e  maximum 

0 r a t e  of d i f f u s i o n a l  growth occurr ing  a t  -15 C .  The e s t ima te s  of t h e  

r a t e  of growth a t  t h i s  temperature range over  an  order  of magnitude so 

no growth, moderate growth, and high growth r a t e s  were assumed. The 

moderate r a t e  was assumed t o  be one micron per  second and t h e  high 

r a t e  t o  be f o u r  microns per  second. Growth by a c c r e t i o n  i n  t h e  model 

is even more crude. It depends on l i q u i d  water con ten t ,  drop s i z e  

d i s t r i b u t i o n s ,  and t h e  c o l l e c t i o n  e f f i c i e n c y .  The r a t e s  assumed i n  

t h i s  model were one micron pe r  second f o r  moderate growth and fou r  

microns per  second f o r  heavy growth on c r y s t a l s  l a r g e r  than  300 microns. 

Once t h e  o r i g i n a l  d i s t r i b u t i o n s  were modified f o r  f ragmentat ion,  

d i f f u s i o n ,  and a c c r e t i o n ,  t h e  next  t ime s t e p  was begun i n  t h e  same 

manner a s  before .  This  process  was repeated up t o  f i f t e e n  t imes.  

D i f f e r e n t  r a t e s  of growth and d i f f u s i o n  were used t o  eva lua t e  t he  

magnitude of secondary p a r t i c l e  genera t ion  when K( t )  i s  no t  cons tan t .  

The model was found t o  be  s t a b l e  bu t  d i d  r e q u i r e  s m a l l  t ime s t e p s  

f o r  l a r g e  i n i t i a l  c r y s t a l  concent ra t ions  when K(t) was a l s o  l a r g e .  

2 This  was due t o  t h e  dependence of t h e  c o l l i s i o n  frequency on C . I f  

t h e  time s t e p  i s  too  l a r g e ,  t h e  change i n  K( t )  is  not  s u f f i c i e n t  t o  

r e s t r i c t  t h e  change i n  C .  



8. Determination of Optimum Rate Constants 

The numerical model was run with combinations of the five 

crystal types. Including the combinations of each crystal type with 

itself, fifteen possible combinations existed. Within a given 

combination of two crystals, four size distributions for each type 

of crystals were studied giving sixteen values of K for each of the 
0 

fifteen combinations or a total of 240 values of KO. These values 

of K are shown in Tables 5 through 19. Distribution 4 is not a 
0 

physically-valid distribution but was included for mathematical 

interest. Distributions 1-4 are progressively broader with means at 

greater sizes. The following features of crystal-crystal collisions 

may be seen in Tables 5 through 19. 

1. The broader the distribution the larger the value of KO. 

Reviewing from Chapter I1 we recall that the larger KO, the 

greater the generation of secondary particles for a given crystal 

concentration. Thus, we can say, the broader the crystal 

distribution the greater the secondary particle generation. This 

effect is most likely due to the greater concentration of 

crystals at the larger sizes for broad distributions. The 

larger the crystal size the larger the relative velocity and 

the more fragments produced in a collision. The collision 

frequency increases as the square of the concentration so that 

more crystals at large sizes repidly increases the secondary 

particle generation. 

2. Unrimed plane dendrites should not generate secondary 

particles among themselves. Table 5 shows K equal to zero for 
0 



Table 5. Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of unrimed p lane  
d e n d r i t e s  c o l l i d i n g  wi th  unrimed p lane  d e n d r i t e s .  

UNRIMED PLANE DENDRITE DISTRIBUTIONS 

Table 6. Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of unrimed p lane  
d e n d r i t e s  c o l l i d i n g  wi th  l ight ly-r imed p lane  d e n d r i t e s .  

UNRLMED PTANE DENDRITE DISTRIBUTIONS 

Table 7 .  Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of unrimed p lane  
d e n d r i t e s  c o l l i d i n g  wi th  heavily-rimed p lane  d e n d r i t e s .  

UNRIMED PLANE DENDRITE DISTRIBUTIONS 



Table 8. Values of KO for various size distributions u f  unrimed plane 
dendrites colliding-with light-moderately rimed spatial 
crystals. 

UNRIMED PLANE DENDRITE I) 1 S'L'R IBLJ'l' 1 ONS 
-- -- --.- 

I 1 2 3 4 

Table 9. Values of K, for various size distributions a£ unrimed plane 
dendrites colliding with graupel. 

UNRIMED PLANE DENDRITE I)ISTRTBUTlONS 

Table 10. Values of KO for various size distributions of lightly-rimed 
plane dendrites colliding with lightly-.riinetl plane dendrites. 

LIGHTLY-RIMED PLANE DENDRITE DISTRIBUTIONS 

1 

2 

3 

4 

--. - ---- -- --- - - --- 
1 2 3 4 

1.69~10-'~ 2.76x10-~ 1.67~1 CI-~ 2.82x10-~ 
- 

2 . 7 6 ~ 1 0 ~ ~  9.07x10-~ 2.25x10-~ 4.03~10~~ 

1.67x10-~ 2.25~10~~ 6.01~10-~ 6 . 3 6 ~ 1 0 ~ ~  
--A - - -- 

2.82~10~~ 4. 03x10-~ 6 . 3 6 x 1 0 - ~  9.70~10-~ 



Table 11. Values of K f o r  var ious  size d i s t r i b u t i o n s  o l  1 ight  ly-rimed 
p lane  dendry tes  c o l l i d i n g  wi th  heavily-rioird p l aile dendr ices. 

Table 12. Values of K, f o r  va r ious  s i z e  d i s t r i b u t i o n s  of l ight ly-r imed 
p lane  d e n d r i t e s  c o l l i d i n g  wi th  l igh t -modera te ly  rimed s p a t i a l  
c r y s t a l s .  

LIGHTLY KZMED PLANE DENDRITE D LSTRICBUTION S 

Table 13 .  Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of l ight ly-r imed 
p lane  d e n d r i t e s  c o l l i d i n g  wi th  g raupe l i  , 1 r 

LIGHTLY-RLMED PLANE DENDRITE DISSRIBUTXONS 

cn 
Z o 

GI H 
W E-I 
PI 3 

9 9 
H 
n .  

1 

2 

3 

4 

- - -. -. 
1 2 3 4 

8.11x10-~ 1. 90x10-~ 4,30x10-4 8.24x10-~  
--- 

4.91x10-~ 1.01~10-~ 2 .  3 . 8 4 ~ 1 0 ~ ~  
-- - 

3.iox1.0-~ 5 . 3 4 ~ 1  o - ~  1 . 0 8 ~ 1 0 - ~  1 . 8 6 ~ 1 0 - ~  
- -- 

1 . 1 5 ~ 1 0 - ~  1 .81x10-~  3 . 3 4 ~ 1 0 ~ ~  5.57x10-* 
---- -- 



Table 14.  Values of K, f o r  va r ious  s i z e  d i s t r i b u t i o i l s  of: heavily-rimed 
plane d e n d r i t e s  c o l l i d i n g  wi th  heavily-rimed p lane  d e n d r i t e s .  

HEAVILY-RIMED PLANE DENDRITE DISTRIBUTIONS 

Table 15. Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of heavily-rimed 
p lane  d e n d r i t e s  c o l l i d i n g  wi th  light-moderately-rimed 
s p a t i a l  dendr i t e s .  

Table 16.  Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of heavily-rimed 
p lane  d e n d r i t e s  c o l l i d i n g  wi th  graupel .  

HFAVILY-RIMED PLANE DENDRITE DISTRIBUTIONS 

HEAVILY-RIMED PLANE DENDRITE DISTRIBUTIONS 

4 
H 

- -- 
1 2 3 4 

-- - -- - --- - -  -- ---- -- ---- 

7.62x10-' - 4.71x10-~  ------- 1 . 1 3 ~ 1 0 ~ ~  3.78x10-~ 

1 . 5 9 ~ 1  om6 2 . 7 4 ~ 1 0 - ~  2 . 8 5 d 0 - ~  5.86x10-~ 

l.llxl~-4 1. 61x10-~  2,15x10-~ 1. 0 2 ~ 1 0 - ~  

i . 19x10-~  1 .79x10-~  2.33x10-~ 2.29x10-~ 
--- - 

* La 
4 w La 
W ! = 4 Z  

5/s 
WE 8 H H 

7 2 E  
~ c n m  
g n z  
3 # 

I 

' 2  

3 

4 
& 1 



Table 17. Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of l i g h t -  
moderately rimed s p a t i a l  c r y s t a l s  c o l l i d i n g  wi th  l i g h t -  
moderately rimed s p a t i a l  c r y s t a l s .  

LIGm-MODERATELY RIMED SPATIAL CRYSTAL DISTRIBUTIONS 

Table 18.  Values of KO f o r  va r ious  s i z e  d i s t r i b u t i o n s  of l i g h t -  
moderately rimed s p a t i a l  c r y s t a l s  c o l l i d i n g  wi th  graupel .  

LIGHT-MODERATELY RLMED SPATIAL CRYSTAL DISTRIBUTIONS 

Table 19.  Values of K f o r  va r ious  s i z e  d i s t r i b u t i o n s  of graupel  
c o l l i d i n g  wyth graupel  . 

GRAUPEL DISTRIBUTIONS 

1 

2 

3 

4 

1 2 3 4 

3.94x10-~ 2 .8 9x1 oe4 2.53x10-~ 1 . 0 8 ~ 1 0 - ~  

2 . 8 9 ~ 1 0 - ~  6 .18x l0 -~  3.38x10-~ 1 .45x10-~  

2.54x1.0-~ 3 .38x10-~ 6. 20x10-~ 1 . 9 0 ~ 1 0 - ~  

1.08x10-~ 1 . 4 6 ~ 1 0 - ~  1 . 9 0 ~ 1 0 - ~  2.51x10-~ 



a l l  s i z e s  d i s t r i b u t i o n s  including d i s t r i b u t i o n  4 .  Since 

dendr i t e s  appear t o  be t h e  most f r a g i l e  unrimed type of c r y s t a l ,  

t h i s  f inding  would seem t o  imply t h a t  no unrimed c r y s t a l s  may 

produce secondary p a r t i c l e s  by mechanical f r ac tu r ing .  However, 

plane dendr i t e s  a l s o  have t h e  lowest terminal  v e l o c i t y  f o r  a 

given c r y s t a l  s i z e  and o the r  c r y s t a l s  which appear l e s s  f r a g i l e  

may s t i l l  produce fragments because of t h e i r  g r e a t e r  f a l l  

v e l o c i t i e s .  We f i n d  however, t h a t  t he  magnitude of KO f o r  even 

rimed c r y s t a l s  i s  so small t h a t  a statement t o  the  e f f e c t  t h a t  

unrimed c r y s t a l s  cannot generate secondary p a r t i c l e s  is  probably 

co r rec t .  

3 .  The g r e a t e r  the  rime t h e  l a r g e r  K and consequently, t h e  
0 

g r e a t e r  the  secondary p a r t i c l e  generat ion.  This  f inding  is 

s imi la r  t o  t h a t  obtained d i r e c t l y  from the  f ixed-pla te  experiment. 

However, t h e  r e s u l t  here is  much more impressive. I n  t h e  f ixed- 

p l a t e  experiment t h e  e f f e c t  of g r e a t e r  riming was t o  increase  

t h e  fragment generat ion by a f a c t o r  of two o r  th ree .  Here, t h e  

generat ion of secondary p a r t i c l e s  may be increased by o rde r s  of 

magnitude. The reason is t h a t  riming not  only increases  t h e  

f r a g i l i t y  of a c r y s t a l  but  a l s o  increases  t h e  f a l l  v e l o c i t y  

whereby t h e  c o l l i s i o n  frequency i s  increased.  Therefore, t h e  

model ca lcu la t ions  t ake  both e f f e c t s  i n t o  account and t h e  

inf luence  of acc re t ion  is q u i t e  s t rong.  

4. The magnitude of K f o r  t h e  combination of c r y s t a l  types and 
0 

s i z e  d i s t r i b u t i o n s  which are l i k e l y  t o  occur i n  smooth winter  

orographic clouds o r  o the r  cold s t r a t i f o r m  clouds,  is  not  l a r g e  



enough t o  cause secondary p a r t i c l e  generat ion of g rea t  

s igni f icance .  Only convective c e l l s  which can generate heavily- 

rimed c r y s t a l s  with broad d i s t r i b u t i o n s  can have l a r g e  K 's and 
0 

thus generate secondary p a r t i c l e s  i n  l a r g e  quan t i t i e s .  Even here 

the  i n i t i a l  concentrat ion of c r y s t a l s  must be g rea te r  than .1 

c r y s t a l s l l i t e r  i n  r a the r  extreme instances f o r  secondary p a r t i c l e  

generat ion t o  occur. These f indings  a r e  based on 

t h e  assumption t h a t  K(t) remains constant and equal t o  K . 
0 

However, t h i s  assumption i s  not t r u e  i n  general  and the  e f f e c t  of 

a change i n  K(t) w i l l  be explored i n  t h e  next sec t ion.  

Before proceeding t o  t h e  time dependent case,  however, l e t  us 

look a t  a few add i t iona l  cases which were studied.  The bes t  cases 

found i n  t h e  e a r l i e r  s e t  of c r y s t a l  combinations and s i z e  d i s t r i b u t i o n s  

were those involving graupel and heavily-rimed plane dendr i tes .  The 

c r y s t a l  combination which had the  g r e a t e s t  r e l a t i v e  ve loc i ty  was 

graupel and unrimed plane dendr i tes .  However, ne i the r  graupel nor 

unrimed plane dendr i tes  generate a l a r g e  number of fragments. A 

grea te r  e f f e c t  was found between graupel and heavily-rimed dendr i tes ,  

although the re  was l i t t l e  di f ference  from t h a t  between moderately- 

rimed plane dendr i tes  and graupel o r  lightly-rimed plane dendr i tes  

and graupel.  Apparently, the  reduction i n  r e l a t i v e  ve loc i ty  i s  more 

than compensated f o r  by t h e  a b i l i t y  of more heavily-rimed c r y s t a l s  t o  

produce fragments. What w i l l  happen then, when a f a i r l y  broad 

d i s t r i b u t i o n  of plane dendr i tes  i s  bombarded by a shower of f a i r l y  

l a r g e  graupel? 



To answer t h i s  quest ion t h e  model was run again f o r  one time 

s tep  with unrimed, moderately-rimed, and heavily-rimed plane dendr i tes  

and s p a t i a l  c r y s t a l s ,  a l l  with d i s t r i b u t i o n  3. They were bombarded 

by graupel with c r y s t a l  d i s t r i b u t i o n s  6, 7, and 8. The r e s u l t s  a r e  

shown i n  Table 20. Under these  extreme condit ions K reaches a 
0 

-2 
maximum of 4.17 x 10 . Using Figure 2 o r  Equation (23) i t  can be 

shown t h a t  i t  would take over th ree  minutes t o  increase  the  concen- 

t r a t i o n  by a fac to r  of 10 i f  the  i n i t i a l  concentration were .1 

c r y s t a l s l l i t e r .  I f  the  i n i t i a l  concentrat ion were only . O 1  c r y s t a l s 1  

l i ter  the  time would be over t h i r t y  minutes. We see,  therefore ,  tha t  

even under extreme condit ions mechanical f r ac tu r ing  of f r a g i l e  

c r y s t a l s  i s  important only when t h e  concentrat ion of c r y s t a l s  has 

reached a f a i r l y  high value.  

J . Time-Dependent Computations 

To go beyond the  ca lcu la t ion  of KO and f ind  K(t) a s  a function of 

time requ i res  knowledge of t h e  fragment d i s t r i b u t i o n s  and d i f fus ion  

and accre t ion r a t e s .  A s  discussed i n  Section A ,  the  d i s t r i b u t i o n s  

f o r  graupel fragments and heavily-rimed plane dendr i t e  fragments were 

Table 20. Values of KO f o r  th ree  r e l a t i v e l y  l a r g e  d i s t r i b u t i o n s  of 
graupel co l l id ing  with a broad d i s t r i b u t i o n  of four o the r  
c r y s t a l  types. 

Unr imed Lightly- Heavily- Light-Moderately 
Plane Rimed Plane Rimed Plane Rimed S p a t i a l  
Dendrites Dendrites Dendrites Crystals 

6 

7 

8 

1.89x10-~ 1 . 8 8 ~ 1 0 ~ ~  8.14x10-~ 1 .07x1 o - ~  

7.38x10-~ 1.28x10-* 1.37x10-~ 1 .24x10-~ 

1 .5 lx10-~  3 . 0 5 ~ 1 0 - ~  4.17x10-~ 3 . 4 4 ~ 1 0 ~ ~  



of s u f f i c i e n t  qua l i ty  t o  allow modeling of t h i s  c r y s t a l  combination. 

Since t h i s  combination gave the  highest  values of KO i t  is  appropriate 

t h a t  these  c r y s t a l s  should be studied i n  g rea te r  depth. Unfortunately, 

the  i n i t i a l  c r y s t a l  d i s t r i b u t i o n s  were not  of t h e  most favorable shape 

t o  g ive  high values of K . Nevertheless, these d i s t r i b u t i o n s  a r e  
0 

a c t u a l  observed d i s t r i b u t i o n s  and lend credence t o  the  f indings .  The 

fragment d i s t r i b u t i o n s  f o r  heavily-rimed plane dendr i tes  and graupel 

a r e  shown i n  Figures 17 and 18 respect ively .  The i n i t i a l  d i s t r i b u t i o n s  

f o r  each c r y s t a l  type a r e  shown i n  frame (a) of Figures 20 and 21. 

The model was run f o r  15 time s t e p s  of 60 seconds each f o r  

severa l  d i f f e r e n t  condit ions.  Figure 19 shows the  r e s u l t s  of these 

computations. The s o l i d  l i n e  is t h e  case of K(t) equal t o  a constant  

KO = .00081. For an i n i t i a l  concentrat ion of 1 c r y s t a l l l i t e r  it 

would take  over 20 minutes t o  increase the  concentration by a f a c t o r  

of ten  but only 6 minutes f o r  an i n i t i a l  concentration of 3 

c r y s t a l s / l i t e r .  I f  one looks a t  t h e  curve f o r  no add i t iona l  

accre t ion and d i f fus ion  one no t i ces  t h a t  a f t e r  a shor t  period of time, 

i t  l e v e l s  off and never reaches a f a c t o r  of t en  g rea te r  than t h e  

i n i t i a l  concentration. This was found t o  be t r u e  f o r  a l l  c r y s t a l  

types and s i z e  d i s t r i b u t i o n s  studied.  The r e s u l t  should not  be 

surpr is ing when one considers t h e  f a c t  t h a t  without add i t iona l  growth 

by acc re t ion  and d i f fus ion  a s ing le  c r y s t a l  w i l l  only produce so many 

fragments. The ca lcu la t ions  show t h a t  an average c r y s t a l  w i l l  

produce less than ten  fragments unless add i t iona l  grows occurs. I n  

many cases fewer fragments w i l l  be produced because t h e  fragments a r e  

too small t o  produce add i t iona l  fragments a t  t h e i r  reduced f a l l  speed. 







--- NO ACCRETION OR DIFFUSION 

K ( t )  = K o  
-____. MODERATE ACCRETION AND DIFFUSION 
. . . . . . . . . . . . HEAVY ACCRETION AND DIFFUSION 

Figure 19. Change of concentrat ion of a l l  c r y s t a l s  a s  a function of 
time f o r  two d i f f e r e n t  i n i t i a l  c r y s t a l  concentrat ions and 
severa l  d i f f e r e n t  r a t e s  of accre t ion and d i f fus ion .  
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Figure 21. Change i n  t h e  s i z e  d i s t r i b u t i o n  of graupel due t o  c o l l i s i o n  with heavily-rimed plane dendr i t e s .  
(a) i n i t i a l  s i z e  d i s t r i b u t i o n  (b) s i z e  d i s t r i b u t i o n  a f t e r  f i v e  minutes (c) s i z e  d i s t r i b u t i o n  
a f t e r  t en  minutes (d) composite of s i z e  d i s t r i b u t i o n s  f o r  a l l  th ree  time s teps .  



In a r e a l  cloud t h i s  is  probably even more v a l i d  because a f r a g i l e  

c r y s t a l  is  l e s s  l i k e l y  t o  produce fragments i n  a second c o l l i s i o n  of 

the  same magnitude a s  t h e  f i r s t .  A l l  o r  most of the  f r a g i l e  protru- 

s ions  a r e  broken off i n  the  f i r s t  c o l l i s i o n .  

The other curves show an increase i n  C g rea te r  than t h a t  f o r  

K(t) = K depending on t h e  r a t e  of accre t ional  and d i f fus iona l  
0 

growth. This e f f e c t  seems physical ly v a l i d  because acc re t iona l  and 

d i f fus iona l  growth can maintain t h e  s i z e  d i s t r i b u t i o n s  and the  

f r a g i l i t y  of the  c r y s t a l s  such t h a t  K(t) may ac tua l ly  increase.  K(t) 

was found t o  increase s l i g h t l y  a t  f i r s t  with accre t ion and d i f fus ion  

and then decrease but a t  a much slower r a t e  than without accre t ion 

and d i f fus ion  and then decrease but a t  a much slower r a t e  than without 

accre t ion and di f fus ion.  Depending on t h e  r a t e  of growth by accre t ion 

and d i f fus ion ,  then, the  generation of secondary p a r t i c l e s  may be 

more o r  l e s s  than t h a t  estimated by assuming K(t) = K . For t h e  
0 

l a r g e s t  growth r a t e  l i k e l y  t h e  generation r a t e  was found t o  be 

g rea te r  by a f a c t o r  of about t en  over t h a t  previously estimated. I n  

the  case of no accre t ion o r  d i f fus ion  t h e  mul t ip l i ca t ion  r a t i o  is 

l imi ted  i n  a l l  cases t o  less than a f a c t o r  of ten .  

It is q u i t e  informative t o  observe the  change i n  c r y s t a l  

d i s t r i b u t i o n  with time a s  the  f rac tu r ing  and growth by acc re t ion  and 

d i f fus ion  occur. Figures 20 and 21 show the  s i z e  d i s t r i b u t i o n s  f o r  

the  heavily-rimed plane dendr i tes  and graupel respect ively  a t  0,  5,  

and 10 minutes a f t e r  fragmentation i s  assumed t o  begin. This example 

is  the  case fox moderate accre t ion and d i f fus ion  with an i n i t i a l  

concentrat ion of 1 crystal/liter i n  Figure 19. Notice t h e  accelern  

a t i n g  change i n  concentration of c r y s t a l s  a t  t h e  mall s i z e s  and the 



r egu la r  progress ion  of c r y s t a l  concent ra t ion  t o  l a rge r  s i z e s  by 

a c c r e t i o n  and d i f f u s i o n .  Apparently,  t h e  a c c r e t i o n  and d i f f u s i o n  

were a b l e  t o  cause an  inc rease  i n  K( t )  a t  f i r s t  but t h e  explosion of 

smal l  p a r t i c l e s  even tua l ly  overwhelmed t h e  accrekion  and d i f f u s i o n  
\ 

e f f e c t s  by changing t h e  shape of t h e  d i s t r i b u t i o n  d r a s t i c a l l y .  I n  

a real cloud t h i s  e f f e c t  could be even more dominant because of t h e  

e f f e c t  on t h e  vapor p re s su re  and l i q u i d  water as many small  p a r t i c l e s  

begin  t o  grow. This  model d i d  no t  a t tempt  t o  main ta in  a water 

balance.  Another important  r e s t r i c t i o n  on the model r e s u l t s  i s  t h e  

assumed d i f f u s i o n a l  growth r a t e  a t  -15'~. I f  t h e  a i r  p a r c e l  

conta in ing  t h e  i c e  c r y s t a l s  r i s e s  o r  f a l l s  t o  another  l e v e l  t h e  

growth r a t e  w i l l  f a l l  and t h e  secondary p a r t i c l e  genera t ion  w i l l  be  

l e s s  e f f e c t i v e .  I f  a c c r e t i o n a l  growth remains high,  however, t h e  

e f f e c t  could be  small. 



CHAPTER V 

MODEL VERIFICATION 

A. Introduction 

To verify the model predictions completely would require 

substantially more field data than is presently available. Only 

under special conditions can the available data be used to evaluate 

predictions from the model. This is true because most crystal data 

which have been collected are not correlated closely in time to 

crystal types and concentrations higher in a cloud and earlier in 

time relative to the collection site. A formvar replicator on the 

ground, for instance, collects a good sample of the crystals in cloud 

when no fragmentation is present. When fragmentation occurs in the 

cloud, however, the replicator "sees" the crystal distribution 

after-the-fact and does not relate the number of fragments to the 

conditions in the fragmentation region higher in the cloud or earlier 

in time. 

It is even more difficult to use aircraft data because of the 

uncertainty in flying through the same position in the cloud at 

different times. In addition, when crystals are suitable for 

fragmentation by collision among themselves it is difficult to imagine 

collecting a sample by aircraft without extensive fragmentation in 

the collection process. 

Nevertheless, some data are available from formvar replicator 

films taken in Colorado at the High Altitude Observatory (HAO) near 

Climax, Colorado, at Wolf Creek Pass in southern Colorado, and at 

Yellowstone National Park in Wyoming. These films have been reduced 



by projec t ion onto a ca l ib ra ted  screen f o r  s i z e ,  and c l a s s i f i e d  i n t o  

c r y s t a l  type and degree of rime. These representa t ive  samples of 

c r y s t a l  d i s t r i b u t i o n s  were d i f f i c u l t  t o  obta in  because the  wind must 

be absolute ly  calm. Fragments from buildings,  trees, and other  surface  

sources can e a s i l y  mask fragmentation e f f e c t s  i n  a cloud. If the 

c r y s t a l s  a r e  rimed, even a l i g h t  surface  wind can cause them t o  

c o l l i d e  with the  entrance of the  r e p l i c a t o r  and generate fragments 

on the  f i lm. 
- 

B. HA0 and Wolf Creek Observations 

Vardiman (1972) showed t h a t  i c e  c r y s t a l  concentrat ions 

associated with convective elements embedded i n  winter orographic 

3 4 clouds frequently reach values 10 -10 g rea te r  than expected n a t u r a l l y  

from cloud top temperature and i c e  nucleus concentrat ions.  I n  these  

convective elements l a r g e  rimed dendr i tes  and graupel were common, 

p a r t i c u l a r l y  a t  t h e  warmer temperatures. I n  smooth orographic clouds 

without convection t h e  c r y s t a l s  were much smaller and less rimed. 

Although only crude comparisons of observed c r y s t a l  concentrat ions 

could be made t o  na tu ra l  concentrat ions predicted by t h e  model, t h e  

two concentrat ions appeared t o  agree t o  within a f a c t o r  of ten .  It 

i s  poss ib le  t h a t  t h e  extreme concentrat ions observed beneath 

convective elements may be p a r t l y  due t o  t h e  increased wind speed and 

turbulence a t  t h e  surface  which causes contamination of t h e  sample 

by ground sources and co l l ec t ion  e f f e c t s .  

On the  o ther  hand, the  model predic t ions  a r e  undoubtedly low 

due t o  an underestimate of the  turbulent  component t o  the  c o l l i s i o n  

frequency. P a r t  of t h e  fragmentation evident i n  t h e  p r e c i p i t a t i o n  



beneath convective elements must occur i n  t h e  cloud however, because 

of the  presence of regrown c r y s t a l s .  Regrown c r y s t a l s  exhibi t  marked 

changes i n  c r y s t a l  habi t  o r  shape because of f r a c t u r e  and regrowth. 

An example of a regrown c r y s t a l  i s  shown i n  Figure 22. 

A t  Wolf Creek Pass t h e  clouds a r e  much wetter and frequently 

contain heavily-rimed c r y s t a l s  and graupel.  Data taken near the  

summit of Wolf Creek Pass show f a i r l y  uniform prec ip i t a t ion  suggesting 

l i t t l e  convection, a t  l e a s t  near the  summit. Vardiman, using a 

r e l a t i v e l y  small number of cases,  has shown t h a t  c r y s t a l  concentrations 

agree wi th in  a f a c t o r  of seven f o r  a l l  nonseeded storms. The c r y s t a l s  

a t  Wolf Creek Pass average about 500 microns i n  diameter and a r e  

seldom la rge r  than 2000 microns. Although the  c r y . t a l s  a r e  s l i g h t l y  

l a rge r  a t  Wolf Creek Pass and a r e  more heavily rimed, the  fragmentation 

s t i l l  seems t o  be s m a l l  compared t o  t h a t  i n  convective elements. 

I 1 

C 1 

Figure 22. Regrown i c e  c r y s t a l  col lec ted  a t  HA0 near Climax, Colorado. 



C. Yellowstone Observations 

The clearest example of fragmentation in agreement with the model 

is a formvar replicator film taken on January 26, 1967, by the C.S .U .  

participating group during the Seventh Yellowstone Field Research 

Expedition. A short-wave trough was approaching Yellowsrone from the 

West with relatively warm, moist air being advected from the south at 

low levels. ~foud top was about 550 millibars with a temperature of 

-16. ~ O C ,  directly in the dendritic range. Meteorological data for this 

case may be found in Appendix D. 

This case i s  a striking example because the replicator film was 

of top quality with a sequence of events which allows inferences to be 

drawn about conditions in the cloud. Figure 23 shows the concentration 

of different crystal types plotted with time. From 1200 MST to about 

1500 MST the concentration of dendrites predominated but were below 

the critical value required for significant fragmentation as predicted 

by the model. The crystal size distribution for the model was obtained 

using the data between 1200 and 1500 M S T .  The critical concentration 

at which significant fragmentation would commence was found to be 10 

crystals/liter assuming half of the crystals were unrimed dendrites 

and half were heavily-rimed dendrites. At about 1500 MST a larger 

fraction of the dendrites became rimed and the concentration exceeded 

10 crystals/liter. At this point the concentration of fragments began 

to increase significantly. An interesting observation from the 

replicator film was a short five-minute period when large heavily- 

rimed dendrites were collected on the film. The crystals fragmented 

upon impact and left a fracture pattern of tens of pieces surrounding 

the main structure. 
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Figure 23. Plot of crystal concentration vs. time for January 26, 1967 at Yellowstone National Park, Wyoming. 



By 1600 MST the concentration of dendrites had reached zero but 

the concentration of fragments continued to rise to larger values. 

The implication of this is that the dendrites were being rimed and 

subsequently fragmented in the cloud before reaching the ground. Of 

course, there are other possibilities but this explanation seems the 

most likely one. It is impossible to say what the maximum concentra- 

tion of dendrites in the cloud was but it may have reached at least 

18 crystals/liter as observed at 1840 MST. If this was the maximum 

concentration, then the fragmentation would have increased the 

concentration by a factor of four. This is consistent with the 

model and the observations at HA0 and Wolf Creek Pass for relatively 

smooth clouds. 

For the remainder of the period in Figure 23 inferences can not 

be drawn as clearly because fragmentation continues to occur in the 

cloud and the surface data are not completely representative. At 

1700 MST the concentration of dendrites again increases suggesting 

that the fragmentation process has become less efficient for some 

reason. The trace for rimed dendrites seems to indicate that riming 

was somewhat less although this is not conclusive. Just before 2000 

MST riming again appears to increase, even to the extent that graupel 

appear for the first time. As the graupel increase the concentration 

of dendrites again decreases inferring significant fragmentation 

again before the dendrites reach the ground. In this case, 

however, the concentration of fragments does not increase but 

remains uniform until the graupel concentration falls off at about 

2230 MST. This is probably due to the general decline in snowfall 



i n t e n s i t y  a s  t h e  cold f r o n t  approaches Yellowstone deple t ing the  

moisture and reducing the  large-scale l i f t i n g .  

D.  Summary 

These various case s tud ies  v e r i f y  t h e  model predic t ions  q u i t e  

wel l .  The HA0 and Wolf Creek Studies agree q u a l i t a t i v e l y  but t h e  

Yellowstone study agrees quan t i t a t ive ly  even t o  ver i fy ing t h e  predicted 

c r i t i c a l  concentration f o r  s i g n i f i c a n t  fragmentation. Therefore, 

general  conclusions about the  occurrence of i c e  c r y s t a l  fragmentation 

i n  var ious  cloud types and condit ions seem warranted. 



CHAPTER V I  

DISCUSSION OF RESULTS 

A .  General Comments 

The r e s u l t s  of t h i s  s tudy were somewhat d i f f e r e n t  than had been 

expected. The presence of fragments and numerous i r r e g u l a r  c r y s t a l s  

beneath convect ive c e l l s  l e d  t o  t h e  b e l i e f  t h a t  mechanical f r a c t u r i n g  

of unrimed d e n d r i t e s  would exp la in  p a r t  of t h e  observed excess  i n  

i c e  c r y s t a l  concent ra t ions .  It was a l s o  thought t h a t  t h i s  process  

might poss ib ly  be  gene ra l  enough t o  exp la in  h igh  c r y s t a l  concentra- 

t i o n s  observed i n  many o t h e r  cloud cond i t i ons .  The f i n d i n g s  from t h e  

model, based on experimentally-derived fragment genera t ion  func t ions ,  

e l imina te  f u r t h e r  cons ide ra t ion  of unrimed c r y s t a l s  a s  a source of 

more than minor numbers of in-cloud fragments.  The model does p r e d i c t ,  

however, t h a t  under c e r t a i n  cloud cond i t i ons ,  s i g n i f i c a n t  fragmen- 

t a t i o n  can occur - namely when r e l a t i v e l y  l a r g e  concent ra t ions  of 

rimed c r y s t a l s  are present .  Since r e l a t i v e l y  l a r g e  concent ra t ions  

of rimed c r y s t a l s  a r e  requi red  before  secondary p a r t i c l e  genera t ion  

can proceed, t h i s  mechanism can no t  exp la in  t h e  occurrence of excess  

c r y s t a l  concent ra t ions  a t  warm temperatures ,  as observed by Mossop. 

Even though mechanical f r a c t u r i n g  of rimed c r y s t a l s  by c r y s t a l -  

c r y s t a l  c o l l i s i o n  can n o t  expla in  i c e  m u l t i p l i c a t i o n  i n  gene ra l ,  i t  

may s t i l l  be important i n  c e r t a i n  cloud s i t u a t i o n s .  Examples of 

l i k e l y  cloud condi t ions  would be  p r e c i p i t a t i o n  zones and embedded 

convect ive clouds.  



Implicat ions f o r  Natural  and Seeded Clouds 

1. Stra t i form Clouds 

Changes i n  c r y s t a l  concentrat ion f o r  n a t u r a l  s t r a t i f o r m  clouds 

due t o  mechanical f r a c t u r i n g  appear t o  be l imi t ed  t o  l e s s  than a 

f a c t o r  of ten .  A s t r a t i f o r m  cloud is  probably highly se l f - l imi t ing  

i n  t h i s  process. I f  t he  cloud top i s  not  s u f f i c i e n t l y  cold t o  

genera te  enough c r y s t a l s  from n a t u r a l  i c e  n u c l e i  and u t i l i z e  a l l  of 

the  condensate, t h e  c r y s t a l s  w i l l  become rimed and begin t o  generate 

secondary p a r t i c l e s  by mechanical f r a c t u r i n g .  Since t h e  growth time 

is  l imi t ed  i n  t h e  slow updraf t  of a normally shallow s t r a t i f o r m  cloud, 

t h e  genera t ion  of secondary p a r t i c l e s  should reach peak e f f i c i ency  

only near the  base, and only a small f r a c t i o n  of t h e  cloud w i l l  be 

a f fec ted  by t h i s  mechanism. 

Reci rcula t ion  cu r ren t s  i n  a s t r a t i f o r m  cloud such a s  eddies i n  

and around mountains o r  embedded convection could enhance t h e  e f f e c t  

of secondary p a r t i c l e  generat ion.  I f  r e c i r c u l a t i o n  c u r r e n t s  a r e  

present  many of the  fragments generated at  low l e v e l s  i n  a cloud 

could be c a r r i e d  up t o  higher l e v e l s  and the  process amplif ied.  

Since t h e  mechanical f r a c t u r i n g  process is  so highly dependent on 

t h e  concentrat ion of c o l l i d i n g  p a r t i c l e s  t h e  r e c i r c u l a t i o n  of fragments 

t o  higher  l e v e l s  could be a powerful means t o  inc rease  t h e  e f f i c i ency .  

Seeding a s t r a t i f o r m  cloud which i s  generat ing secondary 

p a r t i c l e s  n a t u r a l l y  by mechanical f r a c t u r i n g  should be moderately 

e f f e c t i v e  i n  increas ing  t h e  p r e c i p i t a t i o n .  I c e  m u l t i p l i c a t i o n  by 

t h i s  process should only a f f e c t  the  lowest por t ion  of t h e  cloud while 

seeding could a f f e c t  a much l a r g e r  volume. 



2 .  I s o l a t e d  Convective Clouds 

Convective clouds con ta in  s e v e r a l  f e a t u r e s  which would a t  f i r s t  

appear t o  make them ve ry  e f f i c i e n t  i n  genera t ing  secondary p a r t i c l e s  

by mechanical f r a c t u r i n g  compared t o  s t r a t i f o r m  clouds.  The turbulence 

i n  a  convect ive cloud should inc rease  t h e  c o l l i s i o n  frequency over 

t h a t  of a s t r a t i f o r m  cloud and t h e  c o l l i s i o n s  should be more f o r c e f u l .  

Convective clouds normally have higher  l i q u i d  water  con ten t s  which 

a l low a c c r e t i o n  and d i f f u s i o n  t o  proceed a t  a n  acce l e ra t ed  pace. 

C r y s t a l  s i z e s  a r e  normally l a r g e r  and many convect ive c e l l s  con ta in  

l a r g e  graupel .  

On t h e  o t h e r  hand, t h e  updra f t  is  s u f f i c i e n t l y  s t rong  so  t h a t  

c r y s t a l s  do n o t  r e s i d e  i n  a  favored growth r eg ion  ve ry  long un le s s  

they a r e  f a l l i n g  a t  t h e  same speed a s  t h e  u p d r a f t .  I n  a d d i t i o n ,  

most of t h e  fragments a r e  probably blown o u t  t h e  top  and s i d e s  of 

a convect ive cloud and subl imate before  being re incorpora ted  i n t o  t h e  

cloud. The r e s u l t s  of t h i s  s tudy  on secondary p a r t i c l e  genera t ion  
I 

should be put  i n t o  a  convect ive cloud model before  d e f i n i t e  

conclusions can be  drawn, but  t h e  c h a r a c t e r i s t i c  f e a t u r e s  of an 

i s o l a t e d  convect ive cloud seem t o  i n d i c a t e  t h a t  t h e  genera t ion  of 

secondary p a r t i c l e s  by mechanical f r a c t u r i n g  has  l i t t l e  e f f e c t  on t h e  

main p o r t i o n  of t h e  cloud. 

Seeding of an i s o l a t e d  convect ive c e l l  would probably b e  

e f f e c t i v e  even when secondary p a r t i c l e  genera t ion  due t o  mechanical 

f r a c t u r i n g  i s  occurr ing .  An i s o l a t e d  c e l l  l a c k s  i c e  c r y s t a l s  a t  lower 

reg ions  of t h e  updra f t .  Seeding can provide these  c r y s t a l s ,  whereas 

mechanical f r a c t u r i n g  cannot ,  un l e s s  t h e r e  is r e c i r c u l a t i o n .  



3 .  Embedded Convective Clouds 

Embedded convective clouds should conta in  t h e  same favorable 

f e a t u r e s  f o r  secondary p a r t i c l e  generat ion t h a t  i s o l a t e d  convective 

c e l l s  conta in ,  but  should a l s o  be a b l e  t o  r e t a i n  t h e  fragments before  

sublimation i n  t h e  surrounding environment. Fragments generated near 

the  s i d e s  and top of an embedded convective c e l l  w i l l  be cont inual ly  

mixed i n t o  the  surrounding s t r a t i f o r m  deck o r  i n t o  new c e l l s .  A s  

t he  fragments grow, rime, and generate new fragments i n  t u r n ,  t h e  

background concentrat ion of i c e  c r y s t a l s  i n  t h e  cloud w i l l  r i s e  above 

t h a t  expected' from n a t u r a l  i c e  nucle i .  A s  t h e  concentrat ion increases ,  

t h e  c o l l i s i o n  frequency increases .  When a r e l a t i v e l y  high c r y s t a l  

concentrat ion is  reached t h e  reduced l i q u i d  water content  of the  

cloud limits f u r t h e r  mechanical f r ac tu r ing .  Crys ta l  concentrat ions 

could reach 100 t o  1000 times t h a t  expected from n a t u r a l  nuc le i .  The 

p r e c i p i t a t i o n  e f f i c i e n c y  f o r  t h i s  s i t u a t i o n  should be considerably 

higher  than when no secondary p a r t i c l e  generat ion occurs.  

Seeding of a convective c e l l  embedded i n  a s t r a t i f o r m  cloud should 

be considerably less e f f e c t i v e  when i c e  c r y s t a l  m u l t i p l i c a t i o n  is 

occurring.  It is  conceivable t h a t  i f  a s u f f i c i e n t  number of 

convective c e l l s  a r e  embedded i n  a s t r a t i f o r m  laye r  they could 

generate s u f f i c i e n t  i c e  c r y s t a l s  i n  t h e  s t r a t i f o r m  deck t o  remove 

most of the  a v a i l a b l e  condensate. I f  t h i s  i s  t h e  case  seeding would 

probably not  be advisable.  However, i f  few c e l l s  a r e  present  o r  they 

a r e  not  generat ing s u f f i c i e n t  c r y s t a l s  because of any number of 

reasons,  then seeding could be e f f e c t i v e .  I n  any case ,  t h e  e f f e c t  

of seeding should be reduced s i g n i f i c a n t l y  when fragmentation i s  

occurring i s  t h i s  cloud s i t u a t i o n .  



C. Summary 

It would seem, then, t h a t  secondary p a r t i c l e  production by 

mechanical f r ac tu r ing  would be l e a s t  important i n  i so la ted  convective 

c e l l s  and most important i n  convective c e l l s  embedded i n  a s t r a t i fo rm 

cloud deck. Ef fec t s  i n  a smooth s t ra t i fo rm cloud would be intermediate 

with g rea te r  e f f e c t s  f o r  r ec i rcu la t ion .  Increases i n  c r y s t a l  concen- 

t r a t i o n  appear t o  be l imi ted  t o  l e s s  than a fac to r  of t en  i n  smooth 

s t ra t i fo rm clouds but could reach 1 0 0 , t o  1000 i n  t h e  case  of embedded 

convect ion. 

Because of the  strong dependence of the  fragment generat ion r a t e  

on c r y s t a l  concentration, l i g h t  t o  moderate seeding i n  some s i t u a t i o n s  

might ac tua l ly  i n i t i a t e  the  fragmentation process where i t  would not  

have occurred na tu ra l ly .  I f  such oppor tuni t ies  e x i s t ,  procedures 

f o r  seeding clouds need t o  be res tudied where the  p o s s i b i l i t y  of 

mul t ip l i ca t ion  processes may be t r iggered.  



CHAPTER VII 

CONCLUSIONS AND RECOMMENDATIONS 

Conclusions 

The purpose of t h i s  study was t o  experimentally determine 

fragment generation functions f o r  a number of d i f f e r e n t  c r y s t a l  types 

and i n t e g r a t e  these  fragment generation functions with the  respect ive  

t h e o r e t i c a l  c o l l i s i o n  frequencies. The magnitude of i c e  p a r t i c l e  

generat ion was t o  be estimated f o r  various cloud condit ions and the  

e f f e c t s  on na tu ra l  and seeded clouds predicted.  These goals  have been 

aacomplished from numerical and experimental approaches and the  

r e s u l t s  are consis tent  with observed f i e l d  measurements and concepts 

of cloud s t ruc tu re .  The main conclusions of t h i s  study a re :  

1. Unrimed c r y s t a l s  do not  generate s i g n i f i c a n t  secondary 

p a r t i c l e s  by mechanical f r ac tu r ing .  

2. The g rea te r  t h e  degree of rime the  g rea te r  the  r a t e  of 

secondary p a r t i c l e  generation. 

3 .  The broader t h e  c r y s t a l  d i s t r i b u t i o n s  the  g rea te r  the  r a t e  

of secondary p a r t i c l e  generation. 

4 .  The combination of ice c r y s t a l s  which most e a s i l y  produces 

fragments i s  rimed dendr i tes  and graupel.  

5. The magnitude of K required t o  generate secondary p a r t i c l e s  

appears t o  be i n s u f f i c i e n t  t o  generate more than a ten-fold 

increase i n  c r y s t a l  concentrat ion i n  most s t r a t i fo rm clouds. 

6. Convective clouds may have K ' s  l a r g e  enough t o  generate many 

more secondary p a r t i c l e s  due t o  l a rge r  c r y s t a l s  and high r a t e s  

of acc re t ion  and di f fus ion.  



7. Continued accre t ion and d i f fus ion  is  required t o  obta in  i c e  

mul t ip l i ca t ion  r a t i o s  g rea te r  than ten .  

B. Implicat ions f o r  Natural and Seeded Clouds 

Isola ted  convective c e l l s  should not be s t rongly  af fec ted  by the  

fragmentation process because the  fragments would be generated near the  

top of the  cloud and would probably be evaporated a t  t h e  top or  edges 

without being reincorporated i n t o  t h e  cloud c i rcu la t ion .  Unless 

the re  is  rec i rcu la t ion  of the  fragments, requirements f o r  seeding of 

these  clouds should not be g r e a t l y  a l t e r e d  by t h i s  process. 

Smooth s t ra t i fo rm clouds should be moderately af fec ted  by t h i s  

process near cloud base i f  riming is  present .  Increases i n  c r y s t a l  

concentration appear t o  be l imi ted  t o  less than a f a c t o r  of ten  

unless r ec i rcu la t ion  of the  fragments t o  higher l e v e l s  of t h e  cloud 

can occur. Seeding requirements should be reduced by t h i s  process 

but  probably not g r e a t l y  i n  most cases.  

Convective c e l l s  embedded i n  a s t r a t i fo rm layer  appear t o  

provide t h e  g r e a t e s t  opportunity f o r  secondary p a r t i c l e  generation by 

mechanical f r ac tu r ing .  The fragments would be generated a t  the  top 

of a convective c e l l  which could then be rec i rcu la ted  i n  t h e  c e l l  

o r  dispersed out  i n t o  t h e  surrounding s t ra t i fo rm deck. By continued 

riming, fragmentation, and r e c i r c u l a t i o n  t h e  c r y s t a l  concentrat ion 

could reach 100 t o  1000 times t h e  na tu ra l  concentration. Where the  

process i s  operating e f f i c i e n t l y ,  seeding should add very l i t t l e  

add i t iona l  p r e c i p i t a t i o n  over t h a t  which occurs na tu ra l ly .  



C . Recommendat i o n s  

F i e l d  v e r i f i c a t i o n  of secondary p a r t i c l e  genera t iou  by mcchatlical 

f r a c t u r i n g  should be cont inued.  The most promising aver,ci(: or 

i n v e s t i g a t i o n  would seem t o  be i n  a l r z r a f t  probing t tie r t ) r . ~  i 

por t ions  of s t r a t i f o r m  clouds and upper and middle port i i , l i : ,  ( . I  ~i~ticdded 

convect ive clouds.  I f  t h e  i c e  c r y s t a l  concent ra t ion ,  ~ y p v ,  r i j i * i  I i m e  

could be mapped i n  time and space i n  and around these  reg ions  of the  

clouds,  i t  is  l i k e l y  t h a t  t h e  source reg ion  f o r  c r y s t a l  fragrneilts could 

be i d e n t i f i e d .  This  r eg ion  of t h e  c loud i s  ve ry  d i f  f i c . r t 1  t 1 , )  f l y  , 

however, because of t h e  heavy rime. A s p e c i a l l y  modified a i r c r d f t  

must be used f o r  t h i s  type of s tudy .  I n  add i t i on ,  t he  ~n: , t rurr~entat ion 

f o r  c o l l e c t i n g  o r  observing i c e  c r y s t a l s  must be t,, t , ~ - r n ~ i t  

a s  l i t t l e  fragmentat ion as poss ib l e  i n  t h e  c o l l e c t i o n  proctbss ,  

Ground observa t ions  a r e  of limited usefu lness  becausc rht.q 

r e q u i r e  so many in fe rences  t o  be drawn about cond i t i ons  in  rtl ,:  t l c , i l d .  

Observations taken p r i o r  t o  t h e  beginning of f ragmentat ion are t he  

only  r e l i a b l e  i n d i c a t o r s  of cond i t i ons  necessary f o r  f r i i g n ~ e n t d ~ i o ~ l .  

A f t e r  f ragmentat ion begins t h e  primary c r y s t a l  types ,  s i z e s ,  degree of 

rime, and concent ra t ions  i n  t h e  cloud cannot be determined. 

A s t a t i s t i c a l  s tudy  of t h e  p r e c i p i t a t i o n  e f f i c i e n c y  j n  s ~ r a t i f o r m  

clouds wi th  and without  convect ion should be conducted t o  determine t h e  

r o l e  of embedded convection on n a t u r a l  p r e c i p i t a t i o n ,  Even ~ i t l i  1 1 0  

i c e  m u l t i p l i c a t i o n  t h e  embedded convect ion should inc rease  t h e  

p r e c i p i t a t i o n  e f f i c i e n c y  by increased mixing of i c e  c r y s t a l s  and 

supercooled cloud. However, t h e  genera t ion  of secondary p a r t i c l e s  

should g r e a t l y  i nc rease  t h e  e f f i c i e n c y .  A s t r a t i f i c a t i o n  i i ~ t o  seeded 



and nonseeded c l a s s e s  should a l s o  be q u i t e  i n t e r e s t i n g .  The increase 

i n  p rec ip i t a t ion  by seeding should be considerably l e s s  f o r  embedded 

convection i n  s t r a t i fo rm clouds. 
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APPENDIX A 

DERIVATION OF AVERAGE CHANGE I N  MOMENTUM 

When two p a r t i c l e s  c o l l i d e  i n  a cloud each p a r t i c l e  experiences a 

change i n  momentum dependent on t h e  masses of the  two p a r t i c l e s ,  t h e  

r e l a t i v e  v e l o c i t i e s ,  the  coef f i c ien t  of r e s t i t u t i o n ,  and the  c o l l i s i o n  

configurat ion.  The f i r s t  three  va r iab les  have been t r ea ted  i n  t h e  

main t e x t  but here t h e  e f f e c t  of c o l l i s i o n  configurat ion w i l l  be 

inves t igated .  

The c o l l i s i o n  configurat ion is  a function of the  c r y s t a l  shapes 

and the  d is tance  between t h e  cen te r s  of mass upon impact. The c r y s t a l  

shapes w i l l  be assumed t o  be of secondary importance f o r  t h i s  devia t ion 

and w i l l  be assumed spher ica l .  Figure A-1 shows t h e  importance of 

parameter X,  t he  horizontal  d is tance  between t h e  cen te r s  of mass, 

The parameter X ,  i n  Figure A-1 i s  zero when the  two p a r t i c l e s  

c o l l i d e  center-to-center and a maximum, equal t o  r + r2,  when t h e  

p a r t i c l e s  c o l l i d e  a t  a  grazing blow. The d i r e c t i o n  of impact is 

v e r t i c a l  f o r  a  center-to-center c o l l i s i o n  and hor izonta l  f o r  a  

grazing blow. Figure A-1 shows the  separat ion of the  terminal 

v e l o c i t i e s  i n t o  components r e l a t i v e  t o  t h e  d i r e c t i o n  of impact. The 

angle between the  v e r t i c a l  and the  d i r e c t i o n  of impact, 0 ,  may be 

expressed a s  follows: 

Cos 8 = 
r, + r, 

where r and r2 a r e  the  r a d i i  of the  two p a r t i c l e s  and X is t h e  1 

hor izonta l  d is tance  between t h e  center  of masses. The r e l a t i v e  



e x +  

Line of I m p a c t  

F igure  A-1. C o l l i s i o n  conf igu ra t ion  of two c r y s t a l s  used t o  
determine t h e  most- l ikely change of momentum. 

v e l o c i t i e s  of t h e  two p a r t i c l e s  a long t h e  d i r e c t i o n  of impact may be 

expressed: 

where V and V2R are t h e  v e l o c i t i e s  of t he  two p a r t i c l e s  i n  t h e  
1R 

d i r e c t i o n  of impact and VIT and V2T a r e  t h e  te rmina l  v e l o c i t i e s  of t h e  

two p a r t i c l e s .  



The change i n  momentum may be expressed a s  i n  Equation (8) of 

Chapter I1 using d i f f e r e n t  no ta t ion  and v e l o c i t i e s  r e l a t i v e  t o  the  

d i r e c t i o n  of impact r a t h e r  than center-to-center.  

where e i s  t h e  c o e f f i c i e n t  of r e s t i t u t i o n .  Subs t i tu t ing  (A-2) and 

(A-3) i n t o  (A-4), 

Simplifying Equation (A-5) gives: 

The por t ion  of Equation (A-6) i n  brackets  was shown t o  be t h e  change 

i n  momentum due t o  a center-to-center c o l l i s i o n  and the re fo re  the  

maximum change poss ib le .  Define: 

Theref o r e  : 



Now, t h e  expected v a l u e  of AM given two p a r t i c l e s  of r a d i i  r and 1 

r2 is: 

<AM> = $:w(x)P(x)~x 

where P(X) is  t h e  p r o b a b i l i t y  d e n s i t y  func t ion  of X .  For ordered 

c o l l i s i o n s  where no wake e f f e c t s  a r e  p re sen t  P(X) i s  uniform over t h e  

i n t e r v a l  r + r2. Although P(X) i s  no t  uniform i n  a r e a l  c loud,  we 

have a l r eady  argued t h a t  f o r  small  c r y s t a l s  and small  r e l a t i v e  

v e l o c i t i e s  where t h e  wake e f f e c t s  a r e  most important ,  t h e  genera t ion  

of c r y s t a l  fragments i s  t h e  sma l l e s t .  Therefore P(X) w i l l  be assumed 

uniform. 

Equation (A-9) becomes: 

Let :  

Then : 

F i n a l l y  : 



Therefore, t he  average change i n  momentum for a l l  poss ib le  

c o l l i s i o n  conf igura t ions  i s  simply 71.14 times the  momentum change f o r  

a center-to-center c o l l i s i o n .  



APPENDIX B 

DETERMINATION OF THE COEFFICIENT OF RESTITUTION 

TN A COLLISION WITH A FIXED PLATE 

Equation (29) of Chapter I1 gives  t h e  bas i c  formula f o r  f inding  

the  c o e f f i c i e n t  of r e s t i t u t i o n  i n  a  c o l l i s i o n  wi th  a  f ixed  p l a t e .  

This equation can be s impl i f ied  f u r t h e r  under spec ia l  condi t ions .  

Assuming a p a r t i c l e  approaches t h e  f ixed  p l a t e  with a  t r a j e c t o r y  

perpendicular t o  t h e  sur face ,  then only t h e  v e r t i c a l  o r  w component 

i s  present .  For t h i s  s p e c i a l  condit ion t h e  formula f o r  obtaining e 

may be wr i t t en :  

W 
f  e = - -  

wo 

where w and w a r e  t h e  v e r t i c a l  v e l o c i t i e s  of t h e  p a r t i c l e  before 
0 f  

and a f t e r  the  c o l l i s i o n  respect ive ly .  The same equation may be used 

f o r  t h e  case  where t h e  p a r t i c l e  approaches the  p l a t e  i n  a  nearly- 

v e r t i c a l  d i r e c t i o n  o r  where t h e  change i n  v e l o c i t y  i n  d i r e c t i o n s  

o ther  than v e r t i c a l  a r e  neg l ig ib le .  The experiments t o  ob ta in  e  

were designed t o  provide nea r ly  v e r t i c a l  t r a j e c t o r i e s  i n  most cases  

and i n  a l l  cases  t o  minimize t h e  hor i zon ta l  change i n  momentum. 

Therefore, Equation (B-1) i s  a good approximation and s i m p l i f i e s  t h e  

determinat ion of e .  

The high-speed camera used t o  observe t h e  c o l l i s i o n s  was operated 

at  -100 frames per second. This  speed d id  not  al low t h e  observat ion 

of t h e  c r y s t a l  v e l o c i t y  immediately a f t e r  impact i n  most cases .  The 

r e t a rd ing  e f f e c t  of g rav i ty  and drag slowed the  p a r t i c l e  before the  

camera was  a b l e  t o  t ake  a  p i c t u r e  a f t e r  t h e  c o l l i s i o n .  The r e t a rd ing  



e f f e c t  depended on t h e  speed of t h e  p a r t i c l e ,  i t s  s i z e ,  shape, and 

mass, and the  time elapsed between the  c o l l i s i o n  and the  p i c t u r e .  

However, t he  v e l o c i t y  of t h e  p a r t i c l e  could be obtained by in t eg ra t ing  

back i n  time given two pos i t ions  and v e l o c i t i e s  of the  p a r t i c l e  a f t e r  

t h e  c o l l i s i o n .  

The bas ic  equation f o r  in t eg ra t ing  t h e  t r a j e c t o r y  i s  t h e  equation 

of motion f o r  the  p a r t i c l e :  

-t 
where m i s  t h e  mass of the  p a r t i c l e ,  v is  t h e  t o t a l  v e l o c i t y  of t h e  

p a r t i c l e ,  and 3 and if a r e  t h e  r e t a rd ing  fo rces  on t h e  p a r t i c l e  due 
g  D 

t o  g r a v i t y  and drag respect ive ly .  Assuming a  Car tes ian  frame of 

reference  and no components of v e l o c i t y  i n  t h e  Y-direction t h e  

g r a v i t a t i o n  f o r c e  may be expressed: 

A 

where g  is  the  g r a v i t a t i o n a l  constant  and k  i s  t h e  u n i t  vec tor  i n  

t h e  v e r t i c a l  d i r e c t i o n ,  p o s i t i v e  upward. The drag f o r c e  may be 

wr i t t en :  

where C is t h e  drag c o e f f i c i e n t ,  A i s  the  c r o s s  s e c t i o n a l  a rea  of 
D 

+ 
t h e  p a r t i c l e  i n  t h e  d i r e c t i o n  of t h e  motion, and e is  the  wind 

v e l o c i t y .  The drag f o r c e  only a c t s  when t h e r e  i s  motion r e l a t i v e  t o  

+ + 
t h e  air ,  thus Equation (B-4) is  w r i t t e n  i n  terms of (v - c )  r a t h e r  

+ 
than v.  Equation (B-4) may be s impl i f ied  by assuming t h a t  t h e  



particle motion is in the Stoke's regime. This is not valid for the 

larger particles but is a reasonable approximation for the majority 

of particles and nearly all of the fragments. With this assumption: 

where KT is a constant and Re is the Reynold's number. But, the 

Reynold's number may be written: 

where D is the particle diameter, p is the air density and p is the 

viscosity. The drag force then becomes: 

where Kt' is a new constant composed of the previous constants and 

the viscosity, p . Equation (B-2) finally becomes: 

Breaking this vector equation into its component equations, 

assuming no component in the Y-direction: 

where u is the horizontal speed, w is the vertical speed, and c is the 

horizontal wind speed. 



The u-equation may be solved t o  o b t a i n  Kt'. 

where t h e  s u b s c r i p t s  r e f e r  t o  p o i n t s  i n  t h e  t r a j e c t o r y  a f t e r  t h e  

c o l l i s i o n ,  shown i n  F igure  B-1. 

The h o r i z o n t a l  wind speed, c ,  is  assumed cons tan t  during t h e  

c o l l i s i o n  and may be obtained by: 

C = v cos  0 
0 0 

Once K" has been obtained from t h e  u-equations, i t  may be 

s u b s t i t u t e d  back i n t o  t h e  w-equation and t h e  time dependence f o r  w 

obtained.  The v e r t i c a l  v e l o c i t y  immediately a f t e r  t h e  c o l l i s i o n ,  

wf , i s  t h e  des i r ed  v a r i a b l e .  

F igure  B-1. C o l l i s i o n  t r a j e c t o r y  wi th  t imes,  ang le s ,  and v e l o c i t i e s  
before  and f o r  two frames a f t e r  c o l l i s i o n  wi th  a f i xed  
p l a t e .  



The v e r t i c a l  ve loc i ty  before c o l l i s i o n  is simply: 

w = v s i n  4 
0 0 0 

I f  a p a r t i c l e  remained i n  one piece a f t e r  t h e  c o l l i s i o n ,  the  

determination of e would be simply t h e  d iv i s ion  of wf by w0. However, 

from one t o  t h i r t e e n  fragments were observed a f t e r  the  c o l l i s i o n  f o r  

graupel.  Therefore, a va l id  scheme must be found t o  account f o r  t h e  

fragmentation. 

The f i r s t  adjustment i s  i n  t h e  est imation of mass a f t e r  the  

c o l l i s i o n .  The sum of t h e  masses f o r  individual  p a r t i c l e s  a f t e r  the  

c o l l i s i o n  should equal t h e  mass of the  i n i t i a l  p a r t i c l e .  However, 

due t o  e r r o r s  i n  measuring the  p a r t i c l e  diameters t h e  masses do not  

normally balance. To cor rec t  f o r  t h i s  e r r o r ,  t h e  mass of the  i n i t i a l  

p a r t i c l e  i s  assumed cor rec t  and t h e  masses of the  p a r t i c l e s  a f t e r  

c o l l i s i o n  weighted so t h a t  the  sum equals the  i n i t i a l  mass. 
, y r  

The second adjustment i s  t o  obta in  a mass-weighted f i n a l  

ve loc i ty  which i s  equivalent t o  a s ingle-par t ic le  ve loc i ty  of the  

same m a s s .  The formula used f o r  t h i s  computation is: 

where ; i s  a mass-weighted f i n a l  v e r t i c a l  ve loc i ty ,  mi is t h e  f 

adjusted mass of an individual  fragment a f t e r  c o l l i s i o n ,  m is the  
0 

m a s s  of the  i n i t i a l  p a r t i c l e ,  w is  t h e  f i n a l  v e r t i c a l  ve loc i ty  f i 



of a fragment a f t e r  c o l l i s i o n ,  and N is t h e  number of fragments f o r  

a given c o l l i s i o n .  

The c o e f f i c i e n t  of r e s t i t u t i o n ,  e ,  f o r  a  s i n g l e  c o l l i s i o n  of a  

p a r t i c l e  with a f ixed  p l a t e ,  i s  then: 

These computations were done f o r  88 c o l l i s i o n s  of graupel  with 

t h e  f ixed  p l a t e  and an average e  of .37 was obtained.  It ranged from 

.08 t o  .96 wi th  a  standard devia t ion  of .22. 



APPENDIX C 

DETERMINATION OF FALL VELOCITIES 

The f a l l  v e l o c i t y  of an i c e  c r y s t a l  i s  one of the  most 

fundamental parameters used i n  t h e  microphysics of clouds. However, 

r e l i a b l e  equations r e l a t i n g  f a l l  v e l o c i t y  t o  c r y s t a l  s i z e  have ye t  

t o  be determined f o r  many c r y s t a l  types .  This  is p a r t i c u l a r l y  t r u e  

of rimed c r y s t a l s .  Nakaya (1954) provided some da ta  f o r  d i f f e r e n t  

degrees of riming on a few c r y s t a l  types ,  but  the  number of da ta  

po in t s  were so few, and the  c l a s s i f i c a t i o n  of rime so i l l -def ined  

t h a t  I decided t o  use recent  d a t a  obtained i n  a s soc ia t ion  with the  

determinat ion of t h e  fragment generat ion funct ions .  

V e r t i c a l  v e l o c i t i e s  were required i n  computing the  change i n  

momentum when a c r y s t a l  underwent c o l l i s i o n  with t h e  f ixed  p l a t e .  

These c r y s t a l s  were f a l l i n g  a t  o r  near  terminal  ve loc i ty .  The 

c r y s t a l s  were divided i n t o  four  ca tegor i e s  depending on t h e  general  

amount of rime i n  a  given sample. The c r y s t a l s  were not  c l a s s i f i e d  on 

an  ind iv idua l  b a s i s ,  t he re fo re  considerable s c a t t e r  would be expected 

i n  t h e  r e s u l t s .  

The r e s u l t s  f o r  light-moderate rimed plane dendr i t e s  i s  shown 

i n  Figure C-1. A least-squares polynomial was f i t t e d  t o  t h e  da ta  

and a c o r r e l a t i o n  c o e f f i c i e n t  of .59 was found. The equation was: 

The same a n a l y s i s  was done f o r  heavily-rimed plane dendr i t e s  shown 

i n  Figure (C-2). The c o r r e l a t i o n  c o e f f i c i e n t  i n  t h i s  case  was q u i t e  

low a t  . 36 .  The equation was: 



Figure C-1. Observed terminal f a l l  v e l o c i t i e s  f o r  lightly-rimed plane 
dendr i tes .  The cor re la t ion  coef f i c ien t  f o r  t h e  l e a s t -  
squares f i t  was .59. 
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Figure C-2. Observed terminal f a l l  v e l o c i t i e s  f o r  heavily-rimed plane 
dendri tes.  The cor re la t ion  coef f i c ien t  f o r  t h e  lease-  
squares f i t  was . 36 .  



When t h e  a n a l y s i s  was done f o r  l igh t -modera te  rimed s p a t i a l  

c r y s t a l s ,  t h e  s c a t t e r  was so bad and t h e  c o r r e l a t i o n  c o e f f i c i e n t  s o  

low t h a t  a curve f i t  t o  t h e  d a t a  was considered u s e l e s s .  Since the 

d a t a  d i d  no t  appear t o  be unreasonably f i t t e d  by t h e  curve f i t t e d  t o  

heavily-rimed p lane  d e n d r i t e s ,  t h e  f a l l  v e l o c i t y  equat ions w e r e  

assumed t o  be t h e  same i n  both  cases .  Th i s  seems reasonable  

phys i ca l ly  s i n c e  a given rimed category of s p a t i a l  c r y s t a l s  would 

gene ra l ly  be expected t o  f a l l  a t  a r a t e  equal  t o  a greater-rimed 

category of p lane  d e n d r i t e s .  

F a l l  v e l o c i t y  equat ions  f o r  unrimed p lane  d e n d r i t e s  and 

graupel  were adopted from Brown (1970) and Zikmumda and V a l i  (1972) 

r e s p e c t i v e l y ,  s i n c e  these  s t u d i e s  were adequate i n  terms of sample 

s i z e  and s c a t t e r  i n  t h e  d a t a .  



APPENDIX D 

METEOROLOGICAL DATA FOR A CASE STUDY AT YELLOWSTONE NATIONAL PARK 



Figure D-1. Surface map for 182 on 26 January 1967. 

Figure D-2. Surface Map for  00Z on 77 January 1967.  



Figure  D-3. Surface  map f o r  06Z on 27 January 1967. 

Figure D-4- 700 mb chart for 002 on 27 January 1967. 



Figure D-5. 500 mb c h a r t  f o r  00Z on 27 January 1967. 

CLOUD TOP 

Figure D-6. Upper-air sounding f o r  Boise, Idaho, a t  00Z on 27 January 
1967. 
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